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Introduction 



The interpolation theory deals with the question what is a good method to define 
an interpolation space "between" two given Banach spaces both contained in a 
larger topological vector space (e.g. two spaces inside the space of measurable 
functions). The method should have the interpolation property: given compatible 
(i.e. agreeing on the intersection) continuous operators on both spaces, one would 
like them to induce a continuous operator on the interpolation space. The hope is 
that these operators are easier to analyze when considered on the boundary spaces. 

The applications we have in mind are to continuity of integral operators of 
the form 



where M is a manifold and the kernel K{y,-) is a distribution supported on a 
submanifold of strictly positive codimension, e.g. on a line in K", n>2. 

The first chapter summarizes the standard results on linear real interpolation 
by Peetre's JT-method (1963) and related results for interpolation of estimates for 
multilinear forms. The first notable application of the abstract theory is the 
continuity of the Hardy-Littlewood maximal operator, p > 1. 

In chapter|2]we discuss Calderon's complex interpolation method (1964) along 
with prerequisites from complex analysis, including the characterization of analyt- 
icity of vector valued functions on the complex plane. We then relax the hypothesis 
of the Stein interpolation theorem (a generalization of the Riesz-Thorin theorem) 
as to include operators with small initial domain. This straightforward step is 
essential in what follows. We immediately verify that this version is applicable to 
the complex interpolation space [LP<',LP^]g over R". 

The third chapter is a brief account of properties of Riesz transforms. They can 
be thought of as differential operators of non-integer order, in the sense that they 
constitute an analytic family of operators and happen to be ordinary differential 
operators for some integer arguments. 

The fourth chapter begins with the basic properties of the classical Radon 
transform as an operator on the Schwartz space of test functions. We then find 
the range of exponents in which the Radon transform is L'' -continuous. The proof 
requires complex interpolation and we address the technical issues which were 
left implicit in the original literature. We also connect the Radon transform to a 
convolution operator on the Heisenberg group. 

In chapter [5] we clarify in which sense it is possible to transform a bounded 
measurable subset T of K" into a ball by means of rearrangement. The standard 
reference for this trick seems to be Federer's book, which only provides convergence 
to some ball in the Hausdorff distance. Our quantitative argument shows that this 
ball must have the same measure as T. The Brunn-Minkowski inequality, the main 
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ingredient in the proof of a rearrangement inequality due to Brascamp, Lieb and 
Luttinger (1974), is an immediate corollary. 

The next chapter deals with the Hardy space H^, which is a useful substitute 
for in interpolation theory. We are mostly interested in the atomic structure of 
H^, i.e. the fact that every function in is a linear combination of functions with 
particularly nice properties. We provide the most refined version of this decompo- 
sition. The required modifications to the original proof seem to be known to the 
experts but have not been written down anywhere. We mention the recent result 
of Meda, Sjogren, and Vallarino (2008) clarifying how the atomic decomposition 
is related to the continuity of operators on H^. The classical proof that is the 
dual of VMO, the space of functions with vanishing mean oscillation, is presented 
in a simplified form. Our central result is the Proposition 6.37[ which allows to 
interpolate between H^(R") and L''(R") by means of Schwartz functions. 

Chapter [7] contains applications of rearrangement and interpolation methods to 
the fc-plane transform. We simplify some arguments and carry out an extension to 
the complex case. 

The last chapter deals with continuity of convolution operators with kernels 
supported on submanifolds of Lie groups. Here the central lemma regards transport 
of measure by a smooth map. We recast it in the language of interpolation theory. 
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Chapter 1 

Real interpolation 



We review two equivalent real-variable methods for constructing interpolation 
spaces between an appropriate couple of Banach spaces, mostly following the 
exposition in [ BS88 1 . 

The Marcinkiewicz interpolation theorem then allows one to transport estimates 
on operators on the endpoint spaces to interpolation spaces. It is most useful in 
conjunction with the knowledge of explicit expressions for the norms of the spaces 
in question. These norms will be computed for interpolation spaces between 
various L^'s. 



1.1 The if -method 

When applied to spaces, the JC-method ultimately boils down to decomposition 
of a function in two parts by absolute value. The abstract approach here is due to 
Peetre [ Pee63 1 . It will come in handy in the proofs of the reiteration theorems for 
interpolation. 

LetXo andXj be Banach spaces contained in a topological vector space. The 
-functional is defined by 

(/, t , Xo, Xi ) = inf{ I l/o I U„ + 1 1 l/i I Ix, > / = /o + /i }, for / e Xq + . 

For every < 6 <1 and 1 < q < oo, the {6,q;K,XQ,Xi)-norm otiXq+Xi is defined 
by 

^{l^[t-'K[f,t,XMr^y'\ q<oo, 
[supt>or^i<:(/,t,Xo,Xi), q = oo. 

We will call it just Jf-norm if the supplementary information is clear from the 
context. 

The usefulness of this definition stems from the following interpolation theorem 
for operators. 

Theorem 1.1 (Marcinkiewicz). Let T : Xq+X^ —*YQ + Yibe a linear operator such 
that 

\\Tf\\y^<Mj\\f\\^^,j = 0,1. 

Then, for every < < 1 and 1 < q < oo. 
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Proof. By linearity we have that 

KiTf,t,Yo,Y,)< inf \\Tg\\y^ + t\\Th\\y^ 

f=g+h 

< inf Mo\\g\\x,+ MM\x,= Monf,tM J Mo,Yo,Y^). 
Inserting this into the definition of the (0 ,q;K ,YQ,Yi)-norm 3delds 

a 00 dtA^^'' 

If Yq and Yj are ordered (say, Banach function spaces), then the assumptions of 

the theorem may be weakened as to include subadditive operators T. This stronger 
version will be useful in the proof of the Hardy-Littlewood maximal inequality. 



1.2 The J-method and the equivalence theorem 

The J-method is modeled on dyadic decomposition by absolute value. Let Xq 
and Xi be Banach spaces contained in a topological vector space and define the 
J -functional by 

Jif, t,Xo,X,) = max{ 1 1/ 1 U„ , 1 1 \f, | ^ J, for f ^X^nX,. 

For every < < 1 and 1 < q < oo, the J,Xo,Xi)-norm (or just J -norm) on 

Xq +Xi is defined by 

= inf/ (r(t-''^MO,t,Xo,Xi))^^)'/'', q<oo, 
e,,;JM „ \snp,^Qt-'j{u{t),t,Xo,X,), q = oo, 

where the infimum is taken over measurable functions u : (0, oo) — » Xq nXj such 
that J^u[t)dt/t = f with convergence inXg -t-Xj. 

We now show that the K- and the J-norm are equivalent. This fact furnishes 
powerful estimates needed to prove the reiteration theorems. The estimates below 
for / eXg nXj follow immediately from the definitions. 

iC(/,t,Xo,Xi) < ll/IU^ < J(/,s,Xo,Xi) for all t,s, (1.2) 

iC(/,t,Xo,Xi) < tWfWx^ < tlsJ{f,s,XM for all t,s, (1.3) 

J{f,t,XM<Jif,s,XM for t<s, (1.4) 

J(/, t,Xo,Xi) < t/sJ(/,s,Xo,Xi) for t > s. (1.5) 

The other ingredients in the proof are Hardy's inequalities and dyadic versions of 
the K- and the J-norm. 



1.2. THE J -METHOD AND THE EQUIVALENCE THEOREM 
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Lemma 1.6 (Hardy's inequalities). Let A>0, l<q<oo and f be a measurable 
function on [0, oo). Then 

t-^//(s)dsj- <-(/ (tl-V(t))«yJ . (1.8) 



Proof. To show (jLTJI in the case q > 1, write /(s)s-i = s-(^+i^/«'(s(^+^^/'!'/(s)s-i). 
Applying the Holder inequality to the inner integral we obtain 



The left-hand side of ( [1.7P may therefore be estimated by 



■■■<[j ti^X-ilit-'i^li j s(^+««-i^-''/(s)''dsyJ 

/' POO POO \ 



1/q 



1 /■°° , ds^i'''! 
Y / [sVW]"- 



1/q 



The case q = 1 is similar but the Holder inequality is not needed. The proof of ( 1.8 1 
is analogous if we decompose / as /(s) = s'^^'^^^'^ (■j(i-A)/q j^(5))_ □ 

We are now ready to estimate the JC-norm with the J-norm. Let u be as above. 
Then 



K(,f,t,Xo,X,)< / K[u(_s),t,Xo,X,)ds/s< / min{l,t/s}J[u[s),s,Xo,X^)ds/s 
Jo Jo 

by ( [1.2p and ( 1.3 1. In the case q < oo this implies that 



i/g 



+ ( / {r" I t/sJ[uisls,Xo,X^)ds/s ] J 



i/q 
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by the Hardy inequalities (1.81 and ( [1.7P for the former and the latter term, 
respectively. On the other hand, in the case q = oo we have that 

e,q-KM = sup t-^K(f, t,Xo,Xi) 

t>0 



r rt 



< sup t 

t>0 



J(ii(s),s,Xo,Xi)ds/s + / -J(u(s),s,Xo,Xi)ds/s 



s 



< sup r"^ J(iz(r), r,Xo,Xi) sup t"^ 



t>0 



y s^ds/s + J -s^ds/s 



+ J supr-^J(ii(r),r,Xo,Xi). 

Taking the infimum over iz yields the claimed estimate in both cases. 

In order to obtain the converse we consider the dyadic versions of the K- and 
the J-norm. Let A®'^ denote the space of sequences (a,,)^_j^ such that 



sup,. 2 "' a,,, q = 00 



is finite and define the dyadic K- and J-norms by 



^ -\\mf,2\XMX.\\g. and 



inf 

/v 



the infimum this time being taken over decompositions / = /,, with e Xq nXj 
and convergence inXo The equivalence 

is clear from the fact that K[f, t) is monotonous in its second argument. Further- 
more, restricting the infimum on the left-hand side to piecewise constant functions, 
we obtain 



l,q;J^o^i - II-' lle,q;J^oA" 

In order to estimate the dyadic J-norm and thus complete the proof of equivalence 
of the norms we need to establish the existence of a particular decomposition 

Lemma 1.10 (Fundamental lemma of interpolation theory). Let f &Xq+Xi be 
such that K{f, t)^0 as t^O and K(f, t)/t as t ^ oo. Then for every e >0 
there exists a decomposition f = Xi^-oo/r '^^'^^ convergence in Xq +Xi such that 
J{J,,, 2' ) < 3(1 -I- e)KlJ, T') for every v e Z. 

Proof. By definition of the -functional there exist /j j = 0, 1 such that 

ll/o,vlk + 2^ll/i,,,|lx,<(l + eM/,2'). 
By the assumptions ||/o,rllxo ^ as v ^ — oo and ^ as v ^ oo. Let 

fv '■— fo,v ~ fo,v-l =/l,r-l ~ fl,v ^XqDXi. 



1.3. THE REITERATION THEOREM, CASE Oq < 6-^ 
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Then 

N 

f- fv= fi,N + fo.-N-i ^ in Xo +Xi as iV ^ 00 

v=-N 

and 

J(/,,2'') < max{||/o,J|;,„ + ll/o,v-ilk,2^IIA,J|;,^ + 2 • r-'\\h,..,\\x,} 

< (1 + emf, 2") + 2(1 + emf, 2'-') < 3(1 + e)if(/, T). □ 
This result allows us to conclude the proof of the equivalence theorem. 

Theorem 1.11. For every < 9 < 1 and 1 < q < oo, the norms \\ ■ Woq-x^^jc^' 
II ■ \\e,q;jp{oJC,' II ■ \\e,q-Kj!,^, ^nd II • \\e,q;j^„j(, onXo+X^ are equivalent. 

The space [XQ,Xi]gq c Xq +Xi defined by any of these norms is called a real 
interpolation space between Xq and Xi . Note that 

Xq nXj ^ [XQ,Xi]Q q ^ Xq +Xi, 

where the continuity of the former inclusion becomes evident if one considers the 
dyadic J-norm, and the continuity of the latter inclusion can be seen using the 
K-norm. 

Proof. We have already shown that 

ll/lllq;JC^oA - ^ll/lle,?;JfAA - C"ll/ll0,q;J^„^i < C" \\f ifg ^.j 

and need only estimate the dyadic J- by the dyadic JC-norm. 

Clearly, if ||/||g q.g:jc^^^ < oo, then the monotonicity of in t implies the decay 



conditions on K{f ,t,XQ,Xi) required in Lemma 1.10 With the decomposition 



/ — Xiv fv provided by the same lemma, we have that 

< c\\{K{f,r,xMX\\6,q = c\\f\\iq,K.K,^^. □ 

Henceforth we will omit the superscript from the notation and use the dyadic 
and continuous versions of the K- and the J-norm interchangeably. 

1.3 The reiteration theorem, case Qq < 6-^ 

The basic tool for explicit computation of norms on the interpolation spaces is 
the reiteration theorem which characterizes the interpolation spaces between 



interpolation spaces. Here we switch to the more concise methods in [BL76|. 



Theorem 1.12 (Reiteration theorem). Let < 6q < 6^ < 1, < r] < 1, = 
(1 - rj)0o + 

17 1 < q < 00 and Yq, Yj be Banach spaces such that 

[Xo,Xi]e^,i c c [Xo,Xi]e^,^ if 6^ > 0, Yq =Xo if 6^ = 0, 
[Xo,X,]g^^, c c [Xo,Xi]e^,^ if 6, < 1, Y, =X, if 6^ = 1, 

each with continuous inclusion. Then, up to norm equivalence. 



6 



CHAPTER 1. REAL INTERPOLATION 



We give the proof only for q < oo, the case q = oo is similar but easier. 

Proof. Assume first that < 0o < < 1- 

Let / e [Yo, n ] ^.q and / = /o + A with /o e Yq, A ^ ^ . Then 

nf, t,Xo,X,) < Ufo, t,XM+K(J„ t,XM < Ct^»||/o||y„ + Ct'^HI/illy, 

because Yj c [Xq,X-i]q,^^. Taking the infimum over decompositions / = fo+ fi 
yields 

K(f,t,Xo,Xi)<Ct'^"Kif,t^^-^%Yo,Y^l 



Inserting this estimate into the definition of the Jf-norm and using the relation 



Q Q 

- — f- = rj we obtain 



\\f\\e.,.KM = [j^ ^t-'uf,t,xMy-j 



dtA ^^"^ 

<C{ 1^ ^t-<'+''"Uf,t<'^-<'\Yo,Y,)y-\ 

= c{ I (s »i-%i^(/,s,yo,n))'- (s = t«i-^°) 



For the converse observe first that for every u e n we have that 
J(u,s«i-^% Yo, ^^i) = maxs^^ 1^^. < s-«° maxs'^. Ilizlle. 1.,^^^^ 



because [XQ,Xi]g, i c Yj and by the dyadic characterization of the J-norm. Using 
the variable change from the first part of the proof, decomposing / = u[s)ds/s 
and inserting the last result we obtain 



C{ I it-''+<'«K{f,t<'^-<'%YMr-\ 





<c( / {t-<>^'>^ rKm,t<^^-'^,YM^y^y'' 

t^^-^" dsYdtV" 
f+So / min;i ^Trl,r<:^ c^i-^o v v ^_ 1 — 1 



<C( / \t "j^ mm{l,-^}J[u[s),s''^-"o,Yo,Y,) ^ ^ ^ 

^ /-oo ^ /-oo ds A dt A 

It-' m\n{[t/s)'>",[t/s)<'^}}J[u[sls,YM- 

We now split the inner integral as = + J^, use the Minkowski inequality 
and the Hardy inequalities ( |1.7[ ) and ( |1.8p . This yields 
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Taking the infimum over u(s) we obtain 



m;K,Yo,Yi - ^ 11/11 e,(j;j^o^i- 

The cases 6q — and 0j — 1 can be treated similarly, only the estimates for 
K(J, f ,Xo,Xi) and J(u,s*'i"®°, Yq, Yj) become easier. □ 

1,4 Lorentz spaces 

The reiteration theorem still leaves some work to be done. Namely we have 
to compute the interpolation spaces between the (hopefully easier to handle) 
endpoints spaces. Here we do so for the spaces and L°°. The customary notation 
is as follows. 

Definition 1.13. Let 1 < p < oo and 1 < q < oo. The corresponding Lorentz space 

LP''i = [L\L^]e_^, 

where 



1 ^ f 1-e 1-0A 

- = l-e = + . 

P V 1 00 y 



P 

The norm on L^''^ is denoted by || ■ ||p ^ = || • \ \e^q;L\L'"- 

To obtain an explicit expression for the norm on we now calculate 

K{f,t,L\L°'). 

This quantity is most conveniently expressed in terms of the non-increasing rear- 
rangement of/. 

Definition 1.14. Let / be a measurable function on a measure space (n, ju). Its 
distribution function is defined by 

^fis) = (JL{\f\>s}, s>0 

and its non-increasing rearrangement by 

/*(t) = inf{s:Ay:(s)<t}, t > 0. 
We establish some basic properties of Ay: and /* first. 

Both operations are monotonous in the sense that |/| < |g| a.e. implies A^(s) < 
Ag(s) for all s since {|/| > s} c {|g| > $} and /*(t) < g*(t) for all t since {s : 
Xfis) <t}^{s: A^(s) < t}. 

Moreover, for every/, both and /* are monotonously decreasing. Together 
with continuity of from below (monotonous convergence theorem) this implies 
that 

A/(/*(t)) = M{|/l>inf{s,A^(s)<t}} 
= M U il/l>^} 

s:Xf{s)<t 

lim IJL{\f\>s} 
< lim t 

s\infjs,Aj:(s)<t} 
= t 
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and, Lebesgue measure on (0, oo) being denoted by Aj, 

A^,(so) = Ai{|/*| >Sq} 

= sup{t :/*(t)>So} 
= sup{t : inf{s : Ay(s) < t} > Sq} 
= sup{t : 3e > : A^Csq + e) > t} 
= supAf(so + e) 

= lim/i{|/| >So + e} 

= >So} 

Hence, by definition of the Lebesgue integral, 

ii/ii^ = / mi" > mt=p I sp-'\{\f\ >s}\ds 

=pjsp-'?.fms = \\fx (1.15) 

for every 1 < p < oo. 

We now return to the problem of calculation of K[f, t, L^, L°°). 

Proposition 1.16. For every f e + L°°, 



K[f,t,L\L°°)= f f*. 

Jo 



Proof. Observe that K[f, t,L^,L°°) only depends on |/ 1 . Thus we may without loss 
of generality assume that / > 0. Let 



Then, for fixed a. 



X — a, if X > a, 
0, if X < a. 



||Q,o/||i= min 11/ -hill, 

ll'i|L=a 

because o/| < |/ — ft| pointwise a.e. for every h with ||h||oo = a- Therefore 
Kif,t,L\L^)=m{\\Q,of\\^ + ta. 

a>0 

Since Aq^„^(s) = A^(s + a) we have by definition (Q^ °/)*(t) = Qa °/*(0- By 
( |1.15D we also have that 

llQa°/lll = IKQa°/rill = llQa°/*lll, 

so that 

i^(/,t,Li,L~)=inf||Q,o/*||, + ta. 

a>0 

The infimum is attained for a = / *(t). Indeed, since /* is non-increasing 

psup{s:f*[s)>a] pt /'SUp{s:f*(s)>a] 

\\Qa°f*\\i + ta= {J*-a) + ta= r+ if* -a). 

Jo Jo Jt 
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/*(0 



Figure 1.1: The optimal value for a is /*(t), for other values \\Q^ °/*lli + a 
increases by the area of one the shaded regions 



If a < /*(t) then sup{s : /*(s) > a] > t and the latter integral is non-negative. 
Otherwise sup{s : /*(s) > a} < t and the latter integral is non-negative again since 
the integrand is negative, see Figure [TTT| Summarizing, we have that 



K(f,t,L\L'^)=mf\,t,L\Ln=\\Qf'M°f*\\i + trw 



f*. 



□ 



This proposition provides us with a direct expression for the norm on L^''^ . If 
we are willed to sacrifice the triangle inequality and use a quasinorm, we obtain an 
even simpler characterization of L^''^ . 

Proposition 1.17. For every 1 < p < oo and 1 < q < oo the quasinorm 



PA 



["^S^it^'^ntW'if', q<oo, 
supf>ot^^V*(0, q = oo. 



is equivalent to\\- ||p q. 

Proof. Consider first the case q < oo. Since /* is non-increasing, we have that 

t/*(t)< fns)ds, (1.18) 

Jo 



so that 



< 



P Jo 



i/p-i 



dtV^'i 

ns)dsf- 





qi/? f ^ ^ dtV^'i ql/« 



For the converse we use the Hardy inequality (1.81 and obtain 

i/q 



1 


{ 


poo 


e 




L 


1 


q 




e 


p~ 


1/9 



Y dt 

/*(s)dsj - 

dtV'i 



PA 
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Now consider the case q = oo. By ([l.isp we have that 



p,00 



sup t^'PfXt) < sup t^^P-^ [ /*(s)ds : 

t t Jo 



For the converse observe that 
/-i/p-i 



^ /*(s)ds < t^'P-'^ ^J^ s-i/Pdsj ^sups^'PfXs)^ =p' 



p,00 



Taking the supremum over t yields the claim. □ 

The latter quasinorm || • ||* ^ also defines non-trivial spaces for p = 1. They are 
called Lorentz spaces as well and denoted by L^-'^. Furthermore, conventionally 

With these definitions and by ( 1.15 1 we have that LP'P = LP with equal norms 
for every 1 < p < oo. 

Next we are going to establish the inclusion relations between the Lorentz 
spaces which are valid independently of the underlying measure space. 

Lemma 1.19. Let f : (0, oo) (0, oo) be a non-increasing function, 1 < p <q < oo, 
a> and g(r) = /(r)r°. Then \\g\\q < Cp,jJ\g\\p, where the norms are taken with 
respect to the dilation-invariant measure dr jr. 

Proof. By log-convexity of the function 1/q llgllq, it is sufficient to estimate 
llglloo in terms of \\g\\p since then, if 1/q = (1 — 0)/p, it follows that 

\\g\U<M\l-'Mt<c\\g\\p. 

For every Tq e (0, oo) we have that /(ro) = g(ro)rQ °, and the monotonicity of/ 
implies 

/(r) > g(ro)r-" for all r < Tq, 

g(r) > g(ro)(r/ro)'" forallr<ro. 

Inserting this into the definition of the LP norm yields 



\p — 



Ar\p f fo f r yP dr ^ p 



«(ro)n's"»*j'={afr"''g{r„). □ 



Since/* is non-increasing and by the || • ||* ^ -characterization of L^''^ we obtain 
Corollary 1.20. Let 1 < p < oo and 1 < qo < qi < oo. Then 



with continuous inchision. 
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Theorem 1.21. Let 1 < Po < Pi < and 1 < go, < oo or 1 < pg < Pi = oo and 

1 < go ^ 00. qi = 00- V 

1 1-0 e 

-= + — , 

P Po Pi 

where < 6 <1, then 

[LP<'-io,LP^'i^]e^q = LP'i. 
Proof. Assume for the moment that 



[Li-~,L~]e_, = [L\L~]e_, for every 9 andq. 



(1.22) 



Then also [L^''' ,L°°]g_q = [L^,L°°]g ^ for every 1 < r < oo and we can conclude by 
Corollary |1.20| and the R eiteration Theorem 1.12 



We no w prove ( 1.22 1. The inclusion "2" is clear because L^-°° 2 by Corol- 
lary 1.20 To obtain the converse recall that K{f, t,L\ L°°) = llof*is)<is. Further- 
more, whenever f = g + h with g e L^'°°, h e L°°, 

< g*(5)+ ||h|L < Ml.oo +s\\h\U/s. 

Taking the infimum over all decompositions / = g + h we find that 

f%s)<KU,s,L'-°°,Ln/s. 
Therefore, by definition of the (0,q;JC,L^,L°°)-norm and the Hardy inequality 



1/9 



□ 



1.5 The reiteration theorem, case 6q — 0-^ 

To describe the interpolation spaces between Lorentz spaces with Po = Pi we need 
a second reiteration theorem. The main ingredient in the proof is going to be the 
already established reiteration theorem[l.l2| 



1.21 



we 



Recall the definition ( 1.9 1 of the sequence space A®-^. It is clear that (a,,)^. e A^'^ 
if and only (2~®^'a,,)^, e Since for all 1 < qg < qi < oo and < rj < 1 we have 
that = = ^'^ with 1/q = (1 - r])/qo + rj/qj by Theorem 

also have that 

[A^-«°,A'^*]^_, = A^'« (1.23) 

under the same assumptions. Together with the dyadic characterizations of the 
real interpolation spaces this yields the following reiteration theorem. 

Theorem 1.24. Let < < 1, 1 < qo,qi < oo, < tj < 1 and 1/q = (1 - vV^o + 
rj/qj. Then 
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Proof. Let/ e [[Xo,X,]e^^^,[XMe,qX.r Then 

<C inf |K> i^(ii^,2^Xo,Xl))J|,,,., 



because of ( 1.23 1 and by subadditivity of K in the / argument 

<C inf |KJ((i^(lz^,2^Xo,Xl)X.,2^A'^•«^A'^*))Mllr,.5 

by definition of (Tj,q;J, A"'''", A^'^O-norm 

= C inf |KJ(li^,2^[Xo,Xl]e,,„,[Xo,Xl]0,,^))^||^_, 

= C||/||^_q;j,[x„^j]5„^,[Xo^i]e,,i- 

For the converse suppose that / e [XQ,Xi]g q. Then we have that 

by definition of and because y] — ^^^i — „ _!hi — ^ — f 

••• < inf|KJ( li,„2^Xo,Xl)X.|le,q„ + t|KJ( ^,„2^Xo,Xl)), 

by definition of the (0,qj; J,Xo,Xi)-norm, 

•• • = inf IKoo, X.|l0,q„ + tIKaivXIIe.qi 

= inf W(li,„2^Xo,Xl)X,t,A'^•9^A''•'^0. 

Inserting this result into the definition of the {r],q;K, [Xq,Xi\q ,^^, [Xq,Xi\q ,^^- 
norm we obtain 

r,,q;Jf,[Xo^i]9,,o.[Jfo.^i]e,„i 

= \\{K{f,2^ [^o,^i]e.,„. [XM6,J')X,ci 
<C|K inf i^((J(ii,„ 2^Xo,Xl)X.,2^A«■'^o,A'^*))Mllr,,, 

<C inf |KJ(ii,,,2'',Xo,Xi)X,||^,j.jf_;Le,,„_;^f),,i 
/=!,„ "v 

= C inf |KJ(u,„2\Xo,Xi)Xll0,q 

= C||/||e,q;J^„^,. □ 
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Corollary 1.25. Let 1 < p < oo and 1 < < q < qi < oo. Then 

[LP''io,LP'i%^^=LP'i, 

where rj is given by 

1 1 — T) V 

- = - + —. 

<1 % <li 

1.6 The Hardy-Littlewood maximal function 

Let / be a measurable function on K". The (non-centered) Hardy-Littlewood 
maximal function is defined by 

M/(x)= sup /l/l, 

Q-.x^Q Jq 

the supremum being taken over all open cubes containing x with edges parallel 

to the axes. By the monotone convergence theorem we may restrict the above 
supremum to cubes with rational coordinates, so that Mf is always measurable. 
Clearly, M is subadditive and 

l|M/||,„<||/IU. 

In this section we will obtain a Lorentz space estimate for Mf , f &L^ and conclude 
that M is continuous on L?, p > 1. 

We need an alternative characterization of L^'°° in terms of the distribution 
function first. 

Proposition 1.26. For a measurable function f 

supt^^Pf*it) = supsXfisf^P. 

t s 

In particular, f supjSAy^(s)^^^' is an equivalent norm on L^'°°. 

Proof Assume first that sup^ t^^^/*(t) = C < oo. Then, for every < s < oo, 

Xf(s) = A^.(s) = |{/* > s}\ = sup{t : f*it) > s} 

< sup{t : Cf-^/P >s} = sup{t : t < CPs'P} = CPs'P, 

whence sup^sA^^Cs)^^^ < C. For the converse assume the latter inequality. Then 

/*(t) = sup{s : A/(s) >t}< sup{s : CPs'P >t} = Ct'^'P, 
which proves the claim. □ 
The remaining part of the argument is combinatorial in nature. 

Lemma 1.27 (Vitali covering lemma). Let {Qj}jgj be a collection of cubes in M" 

such that LSjs^jQj is bounded. Then there exists a countable subset J' <z J such that 
{Qj}j&j' pairwise disjoint and Llj^j,5Qj 2 ^j^jQj (5Q is the cube with the same 
center as Q and whose edge length is five times bigger). 
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Proof. Choose j\ e J such that Qj^ has almost (up to a factor of 1 + e with choice 
of e depending on the dimension of the ambient space) maximal measure and then, 
inductively, choose j^+j such that Q^^^^ has almost maximal measure among the 
cubes disjoint from each of Qj^,..., Qj^ indefinitely or until no such cube exists. 

Then J' = {j'l, . . . } has the required properties: {Qj}jgj' are pairwise disjoint by 
construction. Since all cubes are contained in a bounded set, this implies IQ^J 0. 
Hence every Q^^jy/ intersects a cube Qy^ji of measure at least |Qj |/(l + e), because 
otherwise j & J'. Therefore Qj c 5Q^., if e > is small enough. □ 

Lemma 1.28. Let f e L^K")- Then for every s > 0, Ajvf^(s) = Ai{|M/| > s] < 
CWfWi/s. 

Proof. By definition of Mf we have 

{\Mf\>s}= y Q=y y q=:[Ja^. 

Q:f<j|/|>5 m Q:/q|/|>s,|Q|>2-'» m 

Since grows with m, it is sufficient to obtain a uniform estimate on \A^\. 

The set A„ is bounded because otherwise there exists an infinite disjoint col- 
lection of cubes Q such that |Q| and |/| are bounded from below, which con- 
tradicts / e L^. Hence Lemma 1.27 applies and there exists a disjoint collection 
{Qj ■■ 4 \f\>s, iQjl > 2-™} such that 

KI<5"|u^qJ<5"- /" |/|<5"||/||i/s. □ 



By Lemma 1.26 this implies ||M/||i < C||/||i. An application of the Marcin- 
kiewicz interpolation theorem [TTl] yields 

Theorem 1.29. For 1 < p < oo the maximal operator M is bounded on L^ and 

\\Mf%<Cp'\\f\\^. 



Proposition 1.26 is also useful for the calculation of the L^'°°-norm of highly 
symmetrical functions, as the example below shows. 

Proposition 1.30. Let 1 < p < oo and g e L^'(S""^). Then 

/(x) := |x|-"/''g(x/|x|)eLP-~(K") 

and\\f\\p_^ = C\\g\\p. 

Proof. The scaling behavior of / implies 

{x : |/(x)| > s} = {x = s-f /"y : |/(y)| > 1} = s'f /"{y : |/(y)| > 1}. 

Hence 



p,00 

s>0 



supsA{x : |/(x)| >s}^'P 



= supA{y :|/(y)|>l} 

5>0 



1/P 



>, 1/P 



C\\g\\,. □ 
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A frequently used special case occurs when g = 1. Then /(x) = |x|~"^^' and 
/ e L'''°°(R"). This observation is most useful in conjunction with the weak-type 
Young inequality (Proposition 1.381. 

This readily implies the boundedness of the following operator. 

Proposition 1.31. Let f e 5^(R"X 1 <p < oo and 

Then\\Upf\\p<C\\f\\p^,. 
Proof. For every g e Lp\s"~^), 

[ g[co)Upf[o,)dco = C [ g(x/|x|)|xr/P-V(x)|x|-"+Mx 



<C 



P,il 



-n/p' 



gix/\x\ 



Ip ,00 



= C||/||p.il|g||,.. 



□ 



1.7 Interpolation between dual spaces 

Suppose thatXo is dense both inXo and inX^. Then it makes sense to define 
the intersection of the dual spaces X'q and X[ by 

<Po^K = ^1 if and only if ^oknxi = (^iknxr 

Denseness of Xq n Xi is necessary and sufficient to ensure that each <^o equals 
at most one (jy^ and vice versa. For the rest of the section let Xq, Xi, < < 1 
and 1 < q < 00 be fixed. We will be concerned with the interpolation space 

Proposition 1.32. There exists a natural isometric isomorphism 

^■.x'^+x[^[XonxJ 

given by $(4)o + 4>i)M := 4>oM + <p-^{x)for every x e nXj. 

Proof. We will first show that $ is a bijection and then that it is also isometric. 

Injectivity. Assume that </)o(x) + 0i(x) = cpoM + (pi^x) for every x &Xq nXj. 
By definition this is equivalent to (^q — 0o) = — — 4>i) eX^ flX^. Hence 

4>o + 4>i = ((^o - (<^o - <^o)) + (^1 - (01 - <^l)) = 00 + ^1- 

Surjectivity. Let e (Xq nXj)'. Then \p[x,x) := 0(x) is a continuous linear 
form on the space {(x,x) : x e nXj} c Xq ©Xj endowed with the norm 
||(xo,Xi)||x„e;fj = max{||xo||,||xi||} and \\ip\\ = \\(p\\. Therefore %p extends to a 
linear form xjj onXo ©Xj with = ||^||. Let 

0oUo) := ■V'Uo,0) and 0i(xi) := ■)/j(0,Xi). 



Then <^(x) = a/j(x, x) = (poM + (piM. 
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Contractivity. We have that 

ll*(<^o + <^i)ll= sup |</)o(x) + (/)i(x)| 

inf _ sup |«^o(^) + '^i(^)l 

*o+*i=*o+*i||fcx)||x(,eXi<l 

< inf sup \4>oixo)\ + \^iixi)\ 

4>o+'t>i=4>o+'i>i ll(xo,xi)IUo®Ai<i 

= inf . \\k\\x', + Ui\\x[ 

<t>0 + <t>l='t>tl+'t>l 

= ll<^o + ^illx^+x;- 

Contractivity of the inverse. Let e (Xq nXj)' and (^qj "^i ^h^ linear forms 
constructed in the proof of surjectivity. Then 

Il0o + <^illx'+x; ^ ll-^ollx' + ll<^illx; = sup l<^oUo) + -^lUi)! 

\\xo\\xo<UMW,<l 

sup |i/i(xo,Xi)| = 11^11 = 11.^11. □ 

IIC^o.^i)llxoeXi^l 

Henceforth we shall identify (f) and ^(p. The preceding proposition implies the 
following relationship between the K- and the J -functional. 

Kicl},t,X'o,X[) = \\<t>\\x',+txi = \mx',Ht-^xj = \mix,nit-^x,)y 

= sup <^(/)/||/|lx„n(t-%)= sup (t>ifyJif,t-\Xo,X,). (1.33) 

/eXon(t-iXi) /ex„nXi 

Proposition 1.34. If q<oo, then Xq flX^ is dense in [XQ,Xi]g q. 

Proof. Let / e [Xo,X-^]g ,^. There exists a decomposition / = ^^/y such that 

2 (2-^V(/„2^Xo,Xl))^ <oo. 

V,V=— 00 J 

Lethjv = / -l]|y|<jv/v =l]|v|>jv/v The" 

l/q 



V|v|>JV J 



•0. 



The assertion follows because 2 1 v | <jv /v ^ -^o -^i • ^ 
Proposition 1.35. Ifq<oo, then 

Proof. Let </> e [XQ,Xj]g q/ and consider an arbitrary decomposition cj) = Xiy 4>v 
with (/)y eXg nX^ and convergence inXg +X[. 
For every / eZo nXj c [Xo,Xi]e ^ set 

(/,<^):=i;(/,0v). 
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This does not depend on the decomposition because X'^+X'^ = [Xq flX^)' by 
Proposition 1.32 The bilinearity of this pairing is clear, so that we only need to 
show continuity. 

Consider a decomposition / = /g + e Xq + and observe that 

I (/,<^v) I < I (/0,<^v)l + l < ll/olkll0vlk + t|l/llkt-'ll0vlU; 

for every t > 0. Taking the infimum over decompositions / = /o +/i and setting 
t = 2'' we obtain that 



whence 



I {f,4>v) \ <K(f,2\Xo,X,)J[4>,,2-\X'^,X[l 

{f,ct>)\<Y,\if'^r)\ 

V 

<J]2-'^'K[f,r,X„X,)2'^J[cl),,2-\X'„X[) 

V 

r 00 



i/q' 



by the Holder inequality. Taking the infimum over decompositions (/> = (j>^. we 
obtain 

I (/,</)) I < \ \f\\e,q;KJia^i\\4>\\6.q'-JXaX^- 

By Proposition 1.34 the intersection Xq n is dense in [XgjXjJg q. Therefore 
admits a unique extension to a linear form on [XqjXjJq^. 

Conversely, let </> e [Xo,Xi]g^. Since the inclusion Xq n X^ ^ [Xq,X{\q ,^ is 



continuous ^ restricts to a continuous linear form ouXq nXj. Proposition 1.32 
allows us to regard <^ as an element of Xg +Xj. By ( 1.33 1 for every v and e_,, > 
there exists an e Xq n X^ such that 

i^(<^,2-^x;,x;)-e_,, < |4.(/,,)|/J(/,„2^Xo,Xl). 

Let (a,,),, e A^"^''' be an arbitrary positive sequence. Then 

22-'a,,(i^((^,2^X^,x;)-e,) 

r 

= 2 2"a_,(i^(<^, 2-^x;,X^) - e_ J 

V 

<^2^a_,|<^(/,)|/J(A„2^Xo,Xl) 



^ ll</'ll[Vi] 



22'a_,,/,/J(/,,2^Xo,Xl) 



^ II-^IIevJ',,, ||(2^■«-v"f(/v.2^Xo,Xl)/J(/„2^Xo,Xl)) 

= ii'^ii[vi]'.,, I|(2^«-v)v||a».. 



r 1 1x8,9 
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Since (A^-^-'!)' = A^'?' with the dual pairing ((a,.),.,(b,,),,) = '^,.2" a,.b,^, this 
impHes that 

Letting ^ we see that 

ll'^lle,,';^;^; < \\4>\\[xM',^- □ 

This immediately implies the following version of the Marcinkiewicz interpola- 
tion theorem [lT] for bilinear forms. 



Corollary 1.36. Let A: (Xq -t-Xj) x (Yq + ^ C be a bilinear form such that 

\A[x,y)\ < C\\x\\^J\y\\y^ and Kx,y)| < C||x||;,J|y . 

// < < 1 and 1 < q < 00, then 

Kx,y)|<C||x||9,,,.;f^^J|y||e_,.y„_y^. 

With the interpolation theorem for bilinear forms at hand we are able to obtain 
an interpolation result for multilinear forms as well. The following version will be 
useful later on. 

Proposition 1.37. Let A(/o, . . . ,/„) be a multilinear form that satisfies 



K/o,---JJI<C||/;||i.inil/;'ll"/U 



for every < j <n. Then 



K/o,--.,/JI<Cnil/;ll(n+ 



l)/(;c+l),n+l- 

J 

Proof. Let /2, • • • ,/„ be fixed. Then by the assumption 

-Ji, . . . ,/J : L^'^ X L"/''-! ^ C, L"/'^'^ X Li'i ^ C. 

Since the space of simple functions is dense both in L"^*^-^ and in L^'^, we can apply 
the Marcinkiewicz interpolation theorem for bilinear forms (Corollary 1.36 1 with 
q = 1. Together with Theorem |1.21| it implies 

where 

1 fc+l k 

- = fc+l-l-— --(n-1)--. 
p n+1 n 

Therefore and by symmetry we have 

n+l)/(;c+l),oo ii/;iui n 11^/11 

for every j > 1. Now let /o,/3, •••,/„ be fixed and interpolate in fi and Contin- 
uing in the same way we obtain 

ii/;iui n 1 1 1 
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for every m and every j > m with 



1 fc+ 1 fc 

— = k + 1 — m ■ (n — m) • — . 

p n+1 n 



Taking m = n we obtain 



^(/o. • ••>/«) ^ ]~~[ ll/;'ll(n+l)/(lt+l),oo 



for every Now we repeat the procedure using Corollary 1.25 to interpolate in 
the minor exponent. □ 

Another consequence of the interpolation theorem for dual spaces is the weak- 
type Young inequality. 

Proposition 1.38. Let I < p,q < oo be such that 

111 
0<- = - + --l<l. 

r q p 

and f e LP-^(R") and g e L'CR"). Then 

ll/*gllr<C||/*g||,,<C||/||p_^||g||,. 



Proof. The first inequality follows from Corollary 1.20 because q<r. 
For the second inequality observe that 



11/^ 



< C 



,||g||iand||/*g||i<C||/||i||g||i, 



by duality and Fubini's theorem, respectively. Since / * g is linear in /, the 
Marcinkiewicz interpolation theorem [TTT] implies that 



11/ *gllp,oo ^ C\\j ||p,oollSlll- 

Moreover, by duality (Proposition 1.35p we have that 

ll/*glloo<C||/IUI|g||pM. 

Since / * g is also linear in g, we can once again apply the Marcinkiewicz interpo- 
lation theorem Fl. II and obtain 



□ 



ll/*gll,s<c||/iuilgll,, 

for every 1 < s < oo. Setting s = q yields the claim. 



Since 



-n/p 



LP-°°(K") by Proposition 



1.30 



we immediately obtain the 



Corollary 1.39. Let 1 < q, r < oo and < a < n satisfy i + 1 = 1 + 2. jhen 



Hardy-Littlewood-Sobolev theorem on fractional integration. 

do < a < n s 

\r<C\\g\\,, 



whenever g e L'(R") and 



» \x-y\ 



-dy. 
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1.8 Supplement: Maximal inequality in large dimension 

The constants obtained in Lemma [l .281 grow exponentially in n. Here we briefly 
discuss an estimate with better asymptotic behavior for the centered maximal 



function associated to the standard ball in R" due to Stein and Stromberg [ SS83 1 . 
Their method makes use of the heat semigroup 

The operators T^ are positive complete contractions on (i.e. T^f > whenever 
/ > 0, llTJIli < ll/lli, and IITJIL < ll/ID- Operators satisfying the latter 
two estimates are also sometimes called Dunford-Schwartz operators. Moreover 
the semigroup (rt)t>o is strongly continuous, i.e. the map t TJ is L^-norm 
continuous for every / e L^. 

These properties of (rt)t>o ensure that the Hopf mean ergodic theorem applies. 
The classical reference is the book of Dunford and Schwartz [DS88, VIII. 7]. The 
proof of the Hopf lemma presented here (due to Garcia) may be found e.g. in 



Krengel's book [ Kre85 1 . 



Lemma 1.40 (Hopf). Let be a measure space and T be a positive complete 

contraction on L^(n,/i) + L°°(n,/i). Let S^. := Xj=o denote the sums of iterates of 
T and M„/ := supj<j,<„ S;^/ be the associated maxima. Then 

fdfi>Q 

{M„f>0] 

for every n and every f &L^ — L°^, where L^ denotes the positive cone of L°°. 
Proof. By definition of M„ and positivity of T we have 

s,/=/ + rs,_i/</ + nMj)+ 

for every 2<k<n (Here /"*" denotes the positive part of/). The corresponding 
estimate for Sj/ = / is trivial. Taken together these inequalities imply 

MJ <f + T{Mjy. 

By positivity of T we have (M,,/)"*" e L^ and therefore 



/ /d/x> / MJ -T{Mjydii = 

J{MJ>0] J{M„f>0] 

[ (M„/)+dM- / r(M„/)+dM> / (M„/)+d/i- / r(M„/)+d/i 

J Jw„f>0] J J 



> 0. □ 



Since /(x) < whenever M„/(x) = 0, Hopf's Lemma 1.40 immediately implies 
that 

/dM> 

{MJ>0} 

(note that the domain of integration has changed). 
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Theorem 1.41. Let T be as above, A^. := ^Sj. be the weighted averages of iterates of 
T andAl[T]f =A*J := supi<;t<n^fc/- Then, for every f & L'^ and A > 0, 



J\A'f>X} 



In particular, the maximal operator A* [Tlf =A*f := supj^^^m Ai^f satisfies 

A/iK/>A}<||/||i. 

Proof. The latter assertion follows from the former by the monotone convergence 
theorem. Furthermore we only need to verify the former with {^4*/ > A} in place of 
{A*/ > A}. For this end we consider the function g = f — Al. By L°°-contractivity 
of T we have 

T^g = T'f - Ari > T'f - Al. 
Taking the appropriate sums and suprema we obtain 

Alg>A*J-X\. 

This implies 

{g > 0} = {/ > A} c {A*J > A} c {A^g > 0} = {M„g > 0}. 
In particular, 



(/-A]l)dM= / gd/i> / gdM>0 

{A'J>X} J{A;/>A} i{M„g>0} 



by the remark following Hopf's Lemma 1.40 □ 



Theorem 1.42. Let (Tf)t>o ^ strongly continuous semigroup of positive complete 
contractions, := ^ /J T^fdt be the weighted averages of the semigroup and B*f := 
sup^>o^s/- Then, for every A > 0, 

Am{B7>A}<||/||i. 

Note that the supremum in the definition of B* has to be taken with respect to 
the Banach lattice structure on L^, because the parameter varies over an uncount- 
able set. 

Proof. By strong continuity we can reduce to a countable supremum in the defini- 
tion of B*, i.e. 

B*f= sup BJ, 

s>0,seQ 

the supremum now being equivalent to the pointwise supremum. Again by strong 
continuity, 



2 p^M-i ^ • N 



j=0 

for every rational s. Passing to a subsequence by means of a diagonal argument 
we may assume pointwise convergence almost everywhere. Since the expression 
following the limit symbol is bounded byA*[r(l/fc!)]/, we obtain 

B*/ <liminfA*[r(l/fc;!)]/ 
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pointwise almost everywhere. Therefore 

00 

{B*f > A} c y pK[r(l/fc,!)]/ > A}. 



N i=N 



Since the union in question is increasing and by Theorem 1.41 the claim follows. 

□ 

In order to obtain the Hardy-Littlewood maximal inequality we estimate Mf 
hy B*f. 

Lemma 1.43. There exists a constant C such that 

A„(B(0,l)r'<Cn-^ / ' h,(l)dt 
1/n Jo 

for every n>3, where B(0, 1) c R" is the standard unit ball. 

The statement of the lemma includes an abuse of the notation because is 
defined on R". It is justified by radial symmetry. 

Before giving the proof we infer the maximal inequality. Observe that it suffices 
to consider non-negative functions. By the change of the variable t' = r^t we 
obtain 

A„(B(0,r)r'<Cn^ [' h,(l)dt = Cn^ / ' h,,[r)dt' . 
r /n Jo r /n Jo 

Since h^ is non-increasing this implies that 

M/(x) = supC/ * A„(Br'zB)U) < CnB*f, 

r 

and we obtain AJM/ > A} < (Cn/A)||/||i. 

Proof of Lemma [7743] Change of variable s = l/(4t) yields 

l/n -| pOQ 

(47Tt)-"/2e-i/(4t)dt = _^-"/2 / 5"/2-2e-ds 

4 Jn/4 

1 f r"/^ 

= -7i-"/2 I r(n/2-l)-y s"/2-2g-s^^ 

In order to deal with the latter integral observe that there exists an a such that 
1 < e/2 < a< — — ^ — -. For such an a we have 

' 2— 21og2 

s^'^-^e-'ds < / s^'^-^ds = — — =0 







n/2-iy4aJ I (4a)"/2 



and 



n/4 rn/4 

s"'^-^e-'ds < e-"/4a / s"'^-^ds 

n/(4a) 



g-n/4a ^^^n/2-1 / g-n/4aj^n/2-2 " 



n/2- 1 \,47 V 4"/^ 



1.8. SUPPLEMENT: MAXIMAL INEQUALITY IN LARGE DIMENSION 
By the Stirling formula both these quantities are o(r(n/2 - 1)), so that 

pl/n 

/ i4ntr'''^e-^'^^'Mt > Cn-"/^rin/2 - 1) 

= C7r-"/2r(n/2)/(n/2 - 1) > Cn-2A„(B(0, 1))" 



Chapter 2 

Complex interpolation 



In this chapter we review a complex interpolation method due to Calderon [ Cal64 1 
and calculate the corresponding interpolation spaces between various spaces. 
The main advantage of the complex method is the possibility to interpolate esti- 
mates for an analytic family of operators, as opposed to a single operator in the 
real case. 

The basic tool is the three lines lemma which is a maximum principle for 
holomorphic functions on an unbounded strip in C. The strongest variant of 
the three lines lemma is proved using the principle of harmonic majoration for 
subharmonic functions. 



2 . 1 Harmonic maj oration 

We will need to majorize the logarithm of the modulus of a holomorphic function 
/ by a harmonic function on a bounded domain n given the majoration on dO.. We 
split our considerations in two parts. First we show that log|/| is subharmonic and 
then we prove the principle of harmonic majoration for subharmonic functions. 

Definition 2.1. A function / is said to be subharmonic in n c C, if for every closed 
ball B(z, r) c n, 

271 J-„ 

We begin with the observation that if / has no zeroes, then log \f \ is in fact 
harmonic (and we are done by the maximum principle for harmonic functions). 

Proposition 2.2. Let O c C be simply connected. Then for every holomorphic 
function f which does not vanish identically on n there exists a holomorphic function 
g such that f = e^. 

Proof. Since f2 is simply connected and / does not vanish, it can be lifted to a 
holomorphic function taking values in the universal covering C* of C \ {0}. The 
logarithm is a holomorphic function on C*, so that the composition of the logarithm 
with the lift is the holomorphic function one is looking for. □ 

The following auxiliary lemma is a nice application of the Cauchy integral 
theorem to a definite integral. 
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Lemma 2.3 ([ |Rud87| 15.17]). The following identity holds 

r2n 



6=0 



logll-e'^de =0. 



Proof. By Proposition 2.2 applied to O = {SUz < 1}, there exists age J^(n) such 
that 

Clearly, one can assume that g(0) = 0, so that g(z)/z extends to a holomorphic 
function on n. Now consider the paths in the picture and use the Cauchy theorem 
to infer 



2jr 

] 

6=0 



r2n-5 



= lim / 


3lg(e 


5^0 J e-. 


=5 


= lim 31 


f f g(z) 


5^0 




= lim 31 


f r g(z) 


5^0 


Jr', 



dz 



dz 



0, 



since the expression in the parentheses is of order 5 log(5). 



□ 



Next we prove a version of the principle that the value of a harmonic function 
at a point is equal to its mean value on a sphere centered at this point (as we have 
already observed, log \f \ is harmonic if / does not vanish anywhere) . 

Proposition 2.4 (Jensen's formula, PRud87' 15.18]). Let Q = B[0,R), f e 

/(O) ^ 0, < r <R, and a^, . . . , ajv be the zeroes of f in B(0, r) with multiplicity. 

Then 



1/(0)1 f] 



r 



: exp 



271 



log|/(re'^)|d0 



(2.5) 



Proof. Assume that the a„'s are ordered in such a way that |ai|,...,|a^| < r, 
\a^+i\ = ■■■ = la^l = r and let 



m 2 - N 

r — a„z 



A I r(a„ -zj ^ ii «„ -; 

n=l ^ ^' ^ n=m+l " 



Then g extends to a non-vanishing holomorphic function on B(0, r + e) for some e. 
For z = re'^ the terms in the definition of g satisfy 



- d„z 






= 1, log 


r(a„ - rz) 


a„-z 



■log|l-e 



■(0-e„)| 



where 0„ denotes the argument of a„. By Proposition 2.2 the function log|g| is 
the real part of a holomorphic function and thus harmonic, so that, by definition of 
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g and Lemma [23 
log 



/(o)n 



log|g(0)| 



2ji 



271 Je=o 



log|g(re''^)|d0 



271 



271 Je=o 



log|/(re'«)|- log|l-e 



i(0-0,j| 



n=m+l 



de 



271 



log|/(re''^)|d0. 



271 J 0=0 

With Jensen's formula at hand, we readily obtain subharmonicity of log \f \ . 
Corollary 2.6. If f is holomorphic in Q., then log|/| is subharmonic in Q.. 

Proof. By a translation of the complex plane, the problem reduces to verifying 

1 



□ 



log 1/(0)1 < 



271 



log|/(re"^)|d0 



for / e ^(B(0,R)) and every < r < R. If /(O) = 0, there is nothing to prove. 
Otherwise, by Jensen's formula (|2.5p, the assertion is equivalent to 



log|/(0)|<log 



1/(0)1 n 



V 



r 
\a„ 



where a„'s are the zeroes of / inside the ball of radius r with multiplicity, so that 
log(r/|aJ) > 0. □ 



At last, we show the principle of harmonic majoration. 



Proposition 2.7. Let Q.<zCbe a domain with compact closure, f an upper semicon- 
tinuous function on Cl which is subharmonic in f2 and u a continuous function on H 
which is harmonic in Q. such that f < u on dQ.. Then f <uinQ.. 



Proof. The function / — iz is upper semicontinuous on Cl and subharmonic in n, so 
that without loss of generality we may assume u = 0. 

Now assume that, on the contrary to the assertion, m = sup^/ > 0. Since / is 
upper semicontinuous on Q, it assumes its supremum on a compact subset E czQ. 
By the hypothesis, £ n 3f2 = 0. Let z e 8E. Since z also lies in the interior of f2, 
there exists an r > such that the circle of radius r around z is contained in Q but 
not in E. But then 

1 f^^ 

— /(z + re'«)d0<m=/(z), 

271 Jo 



as the decomposition into the parts inside and outside of E shows. This contradicts 
the assumption that / is subharmonic. □ 
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2.2 The three lines lemma 

The three hnes lemma is a version of the maximum principle for the strip S := {0 < 
SUz < 1} c C. The unboundedness of S makes an additional qualitative hypothesis 
necessary for the maximum principle to hold. 

Definition 2.8. A function g on K is said to have admissible growth if g(r) = 0(6"'''') 
with a < 71. A function / on S is said to have admissible growth if M(r) := 
logsupj^^,. |/(z)| has admissible growth. 

To establish a maximum principle for functions of admissible growth on S we 
will use an explicit solution formula for the Dirichlet boundary problem 

Aii = in S, u[j + iy) = a/y) for j = 0, 1, y e K 

We reduce this problem to the Dirichlet problem on the unit disc. By symmetry, it 
is sufficient to consider the case aj = and to find a formula for u(x) with x real. 
A conformal mapping from the unit disc B(0, 1) onto S is given by 

1 f 1+z 
/i(z)= — log I- 



cf. [ BS88 Lemma 3.1] . Since h is conformal, u o h~^ is harmonic in B(0, 1) and 
solves a Dirichlet boundary problem with initial data supported on the lower unit 
half-circle, which is mapped by h onto the line iR. The desired relation is 

uM=— ao(-ih(e"^))Ph-i„(</.)d<^ = / ao(y)«(x,-y)dy 

J -n J -oo 

with some kernel co. Here, the first integral is the solution formula for the unit disk, 
where P^Cc/)) = 31^)^ is the Poisson kernel, while the second integral represents 
the solution formula we are looking for A necessary and sufficient condition for 
equality to hold is 

d e'^+h-Hx) 
-2,„(,,-,)-(-„(.^*)) = «-,,-^, 

where cj) is given by y = — ih(e"^). A calculation shows that 

1 sin(7rx) i 
<^ix,y) = — = 31 -. 

2 cosh(7iyJ — cos(,7ixJ 1 — e 

It is the kernel of the harmonic measure on 3 S in the sense that if ag, Qj : R ^ C 
are continuous functions of admissible growth, then 

/+CXD r+OQ 
w(x,y-t)ao(t)dt-|- / co(l - x,y - t)ai(t)dt 
CXD J — OO 

is harmonic in S, since z £o(x,y) is harmonic and the growth condition on the 
aj's allows to differentiate under the integral sign, since co{x,y) < tan ^e"'^'^' for 
|y| > 1. Also, u extends to a continuous function on S with iz(j + iy) = aj[y) for 
j = 0, 1, because J^^^ co{x,y)dy = 1 — x (see below) and the measure a)(x, y)dy 
is concentrated at y = for x ^ 0. 
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Lemma 2.9 (three lines lemma, []Hir53[ p. 210]). Let f e J«'(S) n C(S), aQ,a-^ 



C(R) be functions of admissible growth and assume 

log I/O + iy)l < aj(.y), U = 0, 1, -00 < y < +oo). 
Then, for every 6 e (0, 1), 

/+00 r+oo 
co{e,y)a^{y)dy+ oj{l - 6 , y)a^{y}dy . 
■00 J — oo 

If / does not have admissible growth, the proposition fails as the example 
/(z) = exp(— i exp(i7iz)) shows. Indeed, exp(i7rz) e R on 3S, so that log |/|gs| = 0, 
while /(1/2 + iy) = exp(exp(— Tiy)) ^ oo as y ^ — oo. 

Proof. Let a < a' < n and fix an e > 0. Consider 

/+T r + T 

w(x,y-t)ao(t)dt+ / w(l - x,y - t)ai(t)dt 
■T J-T 

+ e cosh(a'y) cos(a'(x - 1/2)) 

This is a harmonic function because 

cosh(a'y)cos(a'(x - 1/2)) = 2i}le-"''^^-i/2) + 2SKe''''^'-^'^\ 

The first two summands extend to on {SUz = j, |3z| < T] for j = 0, 1, while the 
last one grows faster than log|/| and the first two as y = T ^ oo. Thus, for T 
large enough, Uj majorizes log|/| on the boundary of Sj = S 11 {|3z| < T} and, 



by the principle of harmonic maj oration (Proposition 2.71, on Sj., since log|/| is 
subharmonic by Corollary |2.6[ 
By Fatou's lemma, 

log|/(x + iy)| < limsupii-rCx + iy) 

r— »co 

/+T r+T 
(D(x,y — t)ao(t)dt + / <d(1 — x,y — t)ai(t)dt 
-T J-T 

+ ecosh(a'y)cos(a'(x - 1/2)) 

r'+oo z'+oo 



< 



/ + 00 Z'+OO 
w(x,y-t)ao(t)dt+ / w(l - x,y - t)ai(t)dt 
-00 J —oo 

+ ecosh(a'y)cos(a'(x - 1/2)). 

Let e ^ 0, set z = and observe that co[x, •) is an even function to obtain the 
claim. □ 



To see that this lemma generalizes the Hadamard three line theorem we calcu- 
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late 



1 f°° sin(7rx) 
w(x,y)dy=-/ — — -dy 

2 Jy=-oQ cosh(7ry) - cos(7rx) 

sin(7Tx) dii 



u=o u + l/u — 2 cos(7ix) TIU 
sin(7rx) f°° du 



n Ju=o — 2u cos(7ix) + 1 

1 ds 



71 
1 

= — arctansi' 

71 

= 1-X. 



f u — cos nx ^ 
\^ sin TTx J 



Therefore, if / is a function of admissible growth which is bounded by Mj on 
{mz = ;■}, j = 0, 1, then < M^'^M^ for all < < 1. 

We shall frequently need a vector-valued version of the three lines lemma. 
Recall the definition of Xq nX[ from Section[L7j 

Corollary 2.10. Let V c (Xq be a subspace such that the Xq +X^- and the 

V'-norm on Xq+X^ are equivalent (subspaces with this property are sometimes called 
(norm-) determining) . 

Let f e J^(^S,Xq -t-Xj be u^Xq +X^, V)-continuous on S and a^, a^ e C(R) be 
functions of admissible growth such that 

log I I/O + iy)\\xj < a/y), = 0, 1, -00 < y < +oo). 

Then, for every 6 e (0, 1), 

/+00 /•+00 
oj[e,y)ao[y)dy+ co^l - 6 ,y)a^iy)dy. 
■CO 7—00 

Proof. This follows at once considering go / with geV,||g||y<l and observing 
that the estimates thus obtained are uniform in (p. □ 



2.3 Analyticity of vector-valued functions 



We are going to use analjrtic functions with values in locally convex vector spaces 
extensively. We thus need a tangible characterization of analyticity. Our main 
tool is the Cauchy integral formula, and thus we start by giving an account of an 
appropriate notion of integral. The standard reference for this material is the book 



of Hille and Phillips [ HPS 7 1 , but we follow the more structured approach in a set 



of lecture notes by R Garrett [ Gar96 1 . 



Definition 2.11. A topological vector space E is said to have the convex envelope 
property if the closed convex hull of every compact subset of E is compact. 



First we verify that the spaces we are interested in have this property. 
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Definition 2.12. A subset of a topological vector space is called totally bounded if, 
for every neighborhood of the origin U, it can be covered by finitely many translates 
oiU. 

A subset of a metric space is called totally bounded if, for every e > 0, it can be 
covered by finitely many balls of radius e. 

We remark that every compact subset of a topological vector space is totally 
bounded. 

Proposition 2.13. Let K be a totally bounded subset of a topological vector space. 
Then convK is totally bounded. 

Proof. Let U be an arbitrary neighborhood of the origin. Then by joint continuity 
of addition and local convexity there exists a convex neighborhood of the origin U 
such that U + U cz U. Since K is totally bounded, we have that K cz F + U for some 
finite set F. Since the set convF is the continuous image of the standard simplex 
in k'^', it is compact and therefore totally bounded, so that convF cz F + U with a 
finite set F. Therefore 

coTwK c conv(F + U)cz convF + U cz F + U +U cz F + U. □ 

Observe that the notions of total boundedness in the sense of topological vector 
spaces and in the sense of metric spaces coincide for a subset of a metric vector 
space. Hence we immediately obtain the following. 

Corollary 2.14. Let K be a compact subset of a Frechet space. Then convK is abo 
compact. In other words, every Frechet space has the convex envelope property. 

The latter result extends to a more general class of locally convex spaces via a 
construction along the lines of the Banach-Alaoglu theorem. We say that a subset 
of a topological vector space is bounded if its image under every continuous linear 
form is bounded (for a subset of a locally convex vector space this is equivalent to 
the boundedness of images under arbitrary continuous seminorms by the uniform 
boundedness principle). A topological vector space is called quasi-complete if all its 
bounded closed sets are complete. 

Theorem 2.15. Let E be a quasi-complete locally convex vector space. Then E has 
the convex envelope property. 

Proof. We may assume that the topology is given by a family of seminorms a. Our 
aim is to show that the closed convex hull of a compact set ^4 c £ is compact. 

For every seminorm a let E^ be the Banach space completion of £/a~^(0) with 
respect to a. We furnish E := Yl^^ with the product topology. Consider the 

a 

canonical operators 

L : E E and : E E^. 

The former operator is injective since the totality of seminorms separates the points 
of E and therefore a homeomorphism onto its image. Furthermore each tt^ o t is 



continuous, so that 7iQ(t(j4)) is compact. Since E^ is a Frechet space. Corollary 2.14 
implies that := convn^l^L^A)) is compact. By the Tychonov theorem C := } j Q 

a 

is compact; C is also convex and contains l(A), so that c6nvi(A) is compact. 
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It therefore suffices to show that convi(i4) = t(conVi4). The inclusion "2" 
follows from continuity of i. For the converse, observe that t(convA) is convex, 
contained in the bounded set C and closed in hence complete by quasi- 
completeness of E and therefore closed in £. □ 

We now give some examples of quasi-complete spaces. Evidently a complete 
topological vector space, and in particular a Banach space, is quasi-complete. 

Proposition 2.16. Let Vg ^ ^ • • • be a strictly ascending chain of locally convex 
spaces such that each is a closed subspace o/ V^+j. We furnish V := UiV; with the 
colimit topology, i.e. we define open sets as those whose intersection with every V; is 
open in the respective topology. 

Assume that every space V; is quasi-complete. Then V is quasi- complete. 

Proof. With the above definition V is a topological vector space and every a 
closed subspace thereof We claim that a subset A czV is bounded if and only if 
it is contained in some V; and is bounded as a subset thereof The "if" part of the 
assertion is clear, so let us turn to the "only if" part. 

If A is not contained in any of l^'s, we can find a subsequence of natural numbers 
n(i) and x, e An \ V^^.j). By the Hahn-Banach theorem there exists a sequence 
of functionals A; e V^'j..^ such that A;(x;) = i and A;+ilv_j.j = A,-. By definition of the 
colimit topology they are restrictions of a unique A e V, and X(A) is unbounded. 

Hence the only closed bounded subsets of V are the closed bounded subsets of 
the spaces V; that are complete by the hypothesis. □ 

Thus we see that the space of compactly supported smooth functions on R" is 
quasi-complete, since it is the strict colimit of Frechet spaces. Another interesting 
space is the space of continuous linear operators. 

Proposition 2.17. Let X and Y be Frechet spaces. Then the space L{X, 7) is quasi- 
complete w.r.t. the strong operator topology. 

Proof. Let A c L(X, Y) be closed and bounded in the strong operator topology. By 



the uniform boundedness principle (see [ SW99 Theorem III. 4. 2] for a sufficiently 



general version) A is equicontinuous. The operator defined as a pointwise limit of 
a strongly Cauchy net in A is therefore continuous and is the strong limit of the 
net. □ 

More in general, this result remains true if X is replaced by a barreled locally 
convex space and Y by an arbitrary locally convex space. Note that a similar 
argument for the space L[X,Y) equipped with the weak operator topology only 
works if Y is complete w.r.t. the weak topology, which is the case for instance if Y 
is a reflexive Banach space. 

Definition 2.18. Let Q be compact, pL : C(r2,R) ^ R be a measure (i.e. a positive 
linear form) and £ be a topological vector space. The Gelfand-Pettis integral of a 
continuous function / : n ^ £ is a vector e E such that 

= for every ? e E'. 



Clearly, the Gelfand-Pettis integral is unique if E' separates points, e.g. if E is 
locally convex. Next we provide a sufficient condition for its existence. 
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Proposition 2.19. Let E be a topological vector space which has the convex envelope 
property. Let abo f2 be compact and /x : C(r2, R) —^Rbea measure. Then every 
continuous function f :Q. E admits a Gelfand-Pettis integral. 

Proof. Without loss of generality we may assume //(n) = 1. By the convex envelope 
property the set K := conv/(n) is compact. 

Let {Aj, . . . , A„} c E' be finite. Then A = (A^, . . . , A„) : £ ^ R" is a continuous 
linear operator. Assume that (/^CA^ o/), . . .,/i(A„ o/)) ^ A(JC). Then there exists 
a linear form cf) on R" which separates the former point from the latter convex 
compact set. In particular ^[cf) o A o /) is separated from (j) o A[K) d conv(<^ o A o 
/(r2)), which contradicts the positivity and normalization of fi. 

Therefore the closed subset 



is non-empty. Moreover these sets are compact and enjoy the finite intersection 
property (since the intersection of finitely many such sets has the same form). 
Their intersection is hence non-empty, and every point in the intersection is a 



We are now ready to give the basic characterization of analytic vector-valued 
functions. 

Theorem 2.20. Let E be a locally convex quasi- complete vector space, D. (Z C be an 
open set and f : Q. E be a function. Then the following properties are equivalent. 

1. f is locally analytic, i.e. the sum of a power series in a neighborhood of each 
point in Q.. 

2. f is strongly holomorphic, i.e. differentiable w.r.t. the topology of E. 

3. f is weakly holomorphic, i.e. (A,/) is differentiable for every A e E'. 
Proof. The implications ([l]) =^ ^ => ([3]) are clear, so that we concentrate on 



In order to simplify the notation we assume that /(O) = and prove the 
assertion in a neighborhood of zero. Choose r > in such a way that Bj^CO) c H. 

Since / is weakly holomorphic, for every A e £' the function z (A,/(z)) /z 
extends to a continuous function on Bj^. Hence the set {/(z)/z,z e Bj^} is weakly 
bounded. By the uniform boundedness principle it is bounded for every seminorm 
on E, so that / is in fact strongly continuous at 0, and by translation invariance 
strongly continuous on H. 

By the Cauchy integral formula applied to (A,/) and the definition of the 
Gelfand-Pettis integral we see that 



for z e B^(0), where y is the boundary of Bj^CO) with the positive orientation. But 
then we have the estimate \z/(\ < 1/2 and therefore 



K^ = {x&K: (A„ x) = /i((A„/ )) for i = 1, . . . , n} 



Gelfand-Pettis integral of / . 



□ 





71=0 
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with uniform convergence in z and ^. Inserting this into the previous formula 
yields 

00 n J 



1 r-z-zco 



'n=0 

Since / is continuous, /(y) is compact. By continuity of scalar multiplication and 



Theorem 2.15 the closed absolute convex hull of /C^) is also compact and therefore 
bounded. Since the Gelfand-Pettis integral of a function is contained in the closed 
convex hull of its image times the measure of the integration domain, we can 
interchange integration and summation and obtain 

7(0 



n=0 ' 

where the integrals are Gelfand-Pettis integrals and convergence is uniform on 



2.4 Intermediate spaces 

hetXQ,Xi be complex Banach spaces which are both contained in some topological 
vector space, D c. Xq+Xi be a locally convex topological vector space (not 
necessarily carrying the subspace topology) and ^[Xq,Xi,D) be the set of all 
bounded analytic functions f^:S^D such that e Co(K,Xj) for ; = 0, 1 and 

WfAnxoJc.)- sup <«). (2.21) 

;=0,1; y€K 

Note that stands both for the analytic function and for its value at z e S, 
depending on the context. 



The space ^[Xq,Xi) with the norm (2.21 1 is a Banach space (here and below 



the omission of D indicates that D = Xq +Xi). For every < < 1 we let 
J/'q(^Xq,Xi,D) be the subspace of ^[Xq,Xi,D) which consists of the functions 
vanishing at z = 0. The space J/g is closed since convergence in ^{Xq,Xi) implies 
pointwise convergence on S by the three lines lemma (Corollary |2.10 1 . 



The interpolation space [XQ,Xi]g is defined as ^(Xq,Xi')/jVq(Xq,Xi'). As a 
quotient of a Banach space by a closed subspace the space it is itself a Banach space. 
The equivalence class of a function is canonically identified with the value fg . 
Under this identification the norm on the interpolation space is given by 

Proposition 2.22. Let D czXq nXj be a dense subspace. Then ^[Xq,Xi,D) is dense 
in ^(XqjXj). Moreover, the space ^q[Xq,Xi,D) of functions of the form 



(2.23) 



where h^. are complex-valued analytic functions, e D and the sum is finite, is dense 
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Proof. Take an arbitrary e ^(_Xq,Xi) with norm 1. Given an e > we can find 
a 5 > such that \\f^ - e^'^VzlUcxo^i) < e. Let T > be so large that le^'^'l < e 
whenever|3z| > T. Then there exists an even smaller 5' > such that |e^'^^| > 1 — e 
whenever |3z| < T. Let T' > be such that ^ | < e whenever |3z| > T'. If we 
now find an anal5rtic function uniformly bounded by l+0(e) which approximates 
e^^V, up to 0(e) inside the region |3z| < T', then We"^'"' g,-e'''fAnxoJc,) = 0(e). 
For this end let 



,5iz+ikT')' f 

J 2 



z+ikT'- 



This is a periodic function and its uniform boundedness and proximity to e^^ 
follow from the super-exponential decay of e^^ f^. Combined, these three properties 
also imply \ \e^ ^ gz — gzWs'iXo^i) = 0(e). Consider the Fourier coefficients 



1 f"^' 



j-mT' 



2mr' 

By periodicity this integral is independent of m and 3z. Letting m ^ oo and 
using the Cauchy integral theorem and boundedness of we see that it is also 
independent of 3lz. Therefore the Fourier coefficients lie in Xq nXj. Since g^ is 
analytic, the Fejer sums of the Fourier series converge uniformly. But the Fejer 



sums are of the form ( 2.23 1. It now suffices to approximate every xj. by an element 



of D. □ 

We now proceed to the announced generalization of the Riesz-Thorin interpola- 
tion theorem. 



Theorem 2.24 (Stein [ Ste56|). Let D he a dense subspace of Xq nXj and V he a 
subspace o/(Yo + ^i)' such that the Yq + Y^- and the V -norm on Yq -\- Y^ are equivalent. 
Consider a family of linear operators 

T,:D^Yo + Yi, (z e S) 

which is analytic on S, is o"(Yo + ^i, V)-continuous and has admissible growth in the 
sense that for every f e D and g e V the function {TJ ,g) is continuous on S and 
has admissible growth uniformly for bounded f and g. Assume in addition that for 
every y e R and f & D 

WT^yfK ^ MoWfK, WTlMyfWv, < M,\\f\\^^. 

Then the operator 

T : nXo,Xi,D) - ^(Yo,n), fz ^ TJ, 

extends to a bounded operator from ^[Xq,Xi) to ^(Yq, Yj). 
If in addition there exists an absolute constant C such that 



for every f e D, then T maps jVg(XQ,Xi) into jVq(Yq,Yi) and therefore induces an 
operator from [Xq,Xi]q to [Yo^^iJe- 
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Proof. Let f &Xq and e J?"(Xo,Xi,D) be a function with fe=f. Then T^/^ 
is an analytic function of admissible growth with values in Yq + Yi and by the 
assumptions 



By the three lines lemma (Corollary 2.101, the function T^f^ is bounded by an 



element of Cq[S), so that TJ^ e ^(Yq, Yj) and 

< max(Mo,Mi)||/.IU(x„^j, 



so that T is a bounded operator on ^{Xq,Xi,D). By Proposition 2.22 the latter 
space is dense in ^[Xq,Xi). 

Assume now that the additional condition is satisfied. Let e ^(Xo,Xi). 
For e > let g, e ^o(^Xo,X^,D) be a function with ||/, - gj\:^^x,^^) < e given 



by Proposition 2.22 Then fe — gg = —gg e D and there exists a function 
J2"(Xo,Xi,D) such that hg = gg and < Ce. Therefore 

KTfM,+Y, < \\^T(.f,-gJMY,+Y, + \\Tegg\\Y,+Y, 

< Cling* -/*)ll,^(y„,yj + \\Tghg\\y^+y^ <Ce + C\\Th,\y^y^j^^ < Ce. 

Since e was arbitrary, this shows that T/^ e ^(Yg, ^i)- Thus T induces an 
continuous linear operator from [XQ,Xi]g to [Yq, Yi]g. □ 

In general it is not clear whether T : [XQ,Xi]g [Yo,Yi]q is well-defined. In 
the sequel we shall answer this question affirmatively in the cases Xj = L^'iR"), 
1 < P; < 00, D = 5^(R") and Xq = H^CR"), X^ = LP(R"), 1< p < oo, D = 5^(R"). 

For the moment observe that r(^(Xo,Xi)) c ^(Yq) ^i) is always the case if 
T^ is constant. This is because convergence in ^{Xq,Xi,D) implies convergence of 
the values at 9 in the topology of Xq +Xi on D and because Tg : D ciXq+X^^ 
Yq + Yi is bounded (due to the density of D inXg nXj). 

For future reference we cite here a description of the complex interpolation 
between dual spaces. 

Theorem 2.25 ([BL76', Corollary 4.5.2]). LetX^ andX^ be Banach spaces at least 
one of which is reflexive and < 9 <1. Then 

[Xq,X'^]q = [Xq,Xi]'q 



2.5 Interpolation between spaces 

The motivating example for the complex interpolation method are the L^ spaces. 
Indeed, 

1 1-9 9 

LPo = [LPo,L''']g, where — = + — . 

Pe Po Pi 

We will prove a more general version of this result. 

For a measure space (n,|U) and a Banach space X we denote by Lg(n,X) the 
closure of the space of simple functions in the Bochner space LP(Q.,X). We shall 
usually omit O if there is no ambiguity. Note that Lq(X) = L^^X) if 1 < p < oo. 
Moreover, if is a topological space, then Cq^HjX) c L'^[n,X). 
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Theorem 2.26. Let Xj, j = 0,1 be Banach spaces such that XqHXi is dense in 
both Xj's, < 6 < 1 and Zj c X'. be such that [Zg.ZiJg encodes, by duality 
{fz>^) = (/e>^)' [XQ,Xi]g-norm onXgHXi. Let also 

1 1-0 6 

1 < Po < Pi — 00 '^"'^ — = 1 • 

Pe Po Pi 

Write Yj := L''^{Xj)for j = 0, 1 and Yg := L^''([Xo,Xi]0). Then we have that 
with equal (not merely equivalent) norms. 

Proof. Observe first that the space SF[Xq nX^) of simple functions with values in 
Xq fix I is dense in Yq n Yj provided with the norm max{|| • ||y„, || • Indeed, let 
/ e Yq n y^. By definition there exist simple functions fj with values inXj which 
approximate / in Yj for ; = 0, 1, respectively. Hence we may assume without loss 
of generality that < oo, fj = l^Xj with Xj & Xj and ||/ — fjWy. < e- But then 
by the Chebyshev inequality we have that 

- InXjIU,. > e(_2/pi(_n)f/P') < /i(n)/2, for j = 0, 1 

in the case pj < oo, and therefore there exists some to e f2 such that — 
XjWx. < e(^2/fjL(^n)y^Pi, and thus we obtain 

11/ - ln/(w)llyj < (1 + 2^'P')e, for j = 0, 1, 

which is an approximation of / by a Xq nX^ -valued simple function. The case 
Pi = 00 is similar but easier 



Therefore, by Proposition 2.22 the space SF(^Xq nXj) is dense in [Yoj^ile- 
It thus suffices to verify that the [Yoj^iIs" ^nd the Yg-norm coincide for every 
/ = a^Xk^k ^ SF{XqP\Xi). In this decomposition Xk characteristic functions 
with disjoint support, aj. are positive real numbers and ||x;tll[x„^i]e ~ ^ ^■ 

For each k let (xj.)^ e .!^[Xq,Xi) be an analytic representative of xj. with norm 
at most 1 + e. Then 

/. = e^^^^-^^^l]af/^^Z,(x,). 

k 

is an analytic function with /g = / and < (1 + e)e^'-^~^^''ll/l|ys- This 

proves the existence of a canonical contractive surjection 

Ye ^ [^O'^iJe- 

For the converse we use the spaces Zj. Without loss of generality we may assume 
that WfWyg = 1- Let e ^(Yq.^i) be an arbitrary function satisfying fe= f ■ 

For every fc let x^ e [Zq,Zi\q be such that ^x^,x^^ = 1 and IIx^Hq.^^ < 1 + e. 
Let (x^^ ^ ^{.Zq,Zi) be an analytic representative of xj. with norm bounded by 
1 + e. Then 

k 
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is a function in ^[L^o^Zq), L''i(Zi)) and the three Hnes lemma 



2.9 



shows that 



ye - 1 - {fz,gz) ^ ll/2lU(Yo,yi)llgzlljr(iP;,(2^)_i/i(2j) 

Letting e ^ and taking the infimum on the right-hand side we obtain the 
contractivity of the embedding [Yq, Y^] § ^ Yg . □ 



Thanks to Theorem 



2.25 



we can take Zj = X'. whenever at least one of Xj is 



reflexive. The next example justifies the use of proper subspaces of 
The mixed-norm spaces are given by 

l'o'(Y\ n,) = Ll'"[n,, Ll'"-\n,_„ L^'^n,) . . . )) 



for some 1 < Pj f. < oo, j = 0, 1. See [BP61 1 for their properties; they are very 
similar to those of the usual L*" -spaces. For < 6 <l define intermediate exponents 
Pg and conjugate exponents P'g componentwise, e.g. P^j^ = (1 — (^)PqI + ^^ik- 

Corollary 2.27. If for every k we have Pq^. / Pj f^^" 



^0 



[Lo°,Lq'](^ 



Proof. We induct on n and use Theorem |2.26| in each step. When n = 1 we use 



Xq—Xi 



■ C, while for larger n we consider 

n-1 



and Z-=Lo 



(p;,i.-.p1„-i) 



n-1 



k=l 



(Tl^ki 

k=l 



□ 



In order to obtain a continuous operator between interpolation spaces in 



Theorem 2.24 we need the following stronger version of Proposition 



2.22 



Proposition 2.28. Let 1 < Pq < < oo and consider 5^(K") with its usual Frechet 
space structure. Let f e 5^(K") be such that \\f\\pg = 1- Then, for every e > 0, there 
exists a function f^&^(^LP°(R"),LP^(M"),3'lR"')) such that ||/J|jr(LPo,LPi) < 1 + e 
andfe =/. 

This result tells us that the [L''°(R"),Lf'i(R")]0-norm of a Schwartz function 
can be calculated considering only functions in J?"(L''°(R"), L^'i(K"), 5^(R")). 

Proof. It suffices to find a uniformly bounded analytic function which satisfies the 
conclusion, since the decay can always be obtained at an arbitrarily small cost in e 
by multiplication with e^'^^ ~^ with 5 small enough. 

Fix some 5 > and let be a smooth partition of identity on C by 

non-negative radial functions such that 



supp<^o(z)c{|z| <5(l + 5)3}, 

supp0^-(z) c {5(1 + 5f' < \z\ < 5(1 + 5fj+^} 



if; > 



and let 0j(z) := zcj)^. Then 



i 
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where only finitely many summands are non-zero. 

Let Xj be the characteristic function of suppc^^. Set Xji^) '•= ^Xj and rrij := 
sup|;fj|. Define 

This is a linear combination of Schwartz functions with bounded coefficients which 
are analytic on S and continuous on S. In the case e [1, oo) we use the pointwise 
estimate 



m 



< 



m 



when/(x) eAj := suppc^j \supp(^j_i, j > 0, and obtain 



Xj°f 



ruf 



J\f\<5{l+5f j^Jf^i 



< e/2 + max{(l + 5)^? ^ , (1 + 5)'^^ }\\f\ 

< l + e 



Xj°f 



m,- 





Xj°f 









Pe 



for sufficiently small 5. An analogous estimate holds when 3z 7^ 0. In the case 
Pj, = 00 we use the even simpler pointwise estimate 



0;°/ ^ <t}j+l°f 



m,- 



whenever /(x) eA^ and conclude 



Xj°f 



m,- 



ll/Jloo<ll0o°/lloo + max||^IU<e + l 
j>o m,- 



for 5 small enough. 



□ 



Chapter 3 

Fractional integration 



With an interpolation theorem for analytic families of operators at our disposition, 
we are now interested in obtaining such families. In this chapter we extend 
a semigroup T" of differential operators on 5^(R") parameterized by a natural 
number to a family of operators parameterized by a complex variable following 



mainly Stein's exposition in [ Ste70| . There is a slight obstacle in the way. 



Theorem 3.1 ([Pee60|). Let n c R" be open and D : C^[n) C~(n) be a linear 
operator which is local, i.e. D satisfies 

suppCD/) c suppC/) for all f e C~(n). 

Then D is a finite order differential operator in a neighborhood of each point of £1. 

The proof is deferred to the end of the chapter This result shows that one 
cannot expect the operators to be local. On the contrary, the differential 
operators are exceptional in this respect, so that one may expect them to arise at 
some exceptional points of T^. 



3.1 Riesz potentials 

For z with 3lz > — n define a tempered distribution e 5^'(K") by 

JW Jr=0 



where 



$(r) = r2„ / 0(rcj)dcr 



and f2„ = is the area of the unit sphere in K". 

1 (^n/ 2) 



In order to extend the family to {3lz < —n}, rewrite it in the form 

"(2fcj! 



^00 rl f m ^2k^(,2k)rQy 

[({,) = J r"+"-i*(r)dr + J r"+"-M $(r) - 2] — | dr 
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The first term on the right is a uniform hmit of Riemann sums for bounded \z\ and 
thus analytic on C. Since the odd derivatives of * vanish at zero, the expression in 
the parentheses in the second term is bounded by (2m + 2)!r^'"+^ sup^ |*^^'""'"^^(r)|. 
If SUz > — n — 2m — 2 and |z| bounded, it is a uniform limit of Riemann sums as 
well. 

The last term, on the other hand, is meromorphic and has simple poles at 
— n — 2m, — n — 2m + 2,..., —n. Since the right-hand side does not depend on m in 
its domain of definition, g extends to a weakly analytic, meromorphic family of 
distributions on C \ — n — 2N. 

To remove the singularities, consider 



Since r((- + n)/2) does not vanish anywhere, is defined for all z — n — 2N. 
On the other hand, r((- + n)/2) has simple poles at —n — 2N, so that the quotient 
extends to a linear form on y(R) at each of these points. To see that this linear 
form is continuous, i.e. a tempered distribution, we will compute it explicitly. 

Let L denote the Laplace operator. In polar coordinates L = ''^ "^''""'^ + 
r~^A5n-i. Averaging over S"~^ we obtain 

L'^ct>io) = n;\L'^H\-\m) 

k 



T^n(2;)(2; + n-2) 



^ r(n/2) $P^(0) ^,^^^ (2/c + n-2)!! 
27r"/2 (;2fc)! " (n-2)!! 

^r(fc + n/2) 

27r"/2 ■ (2fc)! ' 

where in the last line we have used the relation 

f2'"/2r(m/2-l-l) for meN even, 

[V2/n:2'"''2r(m/2-l-l) formeNodd. 

The residuum of r((- + n)/2) at -n - 2k is 2(-l)''/fc!. Thus 



-n-2k 



k\ J (2fc)! 

2^*^^! ) L'(/)(0) 



fc! fr[k + n/2) , (3.2) 



2i-lf V 27i"/2 
= 7i"/22-2'^r(fc + n/2r\[-Lf(j)X0), 

which is a tempered distribution. We have shown that is a weakly entire 
distribution- valued function in the sense that h^{(j}) is entire for every cj) s 5^(]R"). 

Note that while is a scalar multiple of a power of the Laplacian for z e 
—n — 2N, it is clearly not a local operator for any other z. 
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Definition 3.3. Let / be a fixed function. Define the Riesz potential of order j by 

r(r/2) Jr" 

whenever the integral converges and extend the mapping j I^f[x) by analytic 
continuation to the maximal domain on which the extension is unambiguous. 

For / e 5^(K") the Riesz potential Ff[x) coincides with 
2-r^-"/2r[^^jh^_J(x + .). 

By the preceding discussion, this is a meromorphic function with simple poles at 
Y = n + 2N, so that for Schwartz functions, Riesz potentials of all orders except 
n + 2N are well defined. Furthermore, Riesz potentials of Schwartz functions are 
smooth as functions of x. 

By ( 3.2 1 the powers of the Laplacian coincide with Riesz potentials on the space 
of Schwartz functions 

[-Lf=r^^ forfceN,/ (3.4) 

Proposition 3.5. Let (p be a smooth function on R" satisfying the estimate 

\ct>M\<C\x\r- 

with <Y < n. Then is defined at least when 3la <n — y. 

Proof. Clearly, /"(^(y) is defined for < 3la < n — 7 and every fixed y. 

Using a bump function, decompose cp = cpi + 02, where (pi is a smooth 
function with compact support and 02 is identically zero on B(y, 2|y |). Then /"(^i 
is a holomorphic function on 3la < n, while 02 satisfies the estimate 

[ 02^ + y)|x|"-"dx <C [ \x + y\'^-"\x\^"-"dx < C < 00 

J J\x\>2\y\ 

uniformly for 3la < Cj < n — 7. Therefore, we may derive under the integration 
sign, so that /"02(y) has an analytic continuation to the region 3la < n — j- 
The sum of the continuations of /"0i and /"02 is a continuation of /"0 and is 
independent of the choice of the decomposition = 0i + 02. □ 



3.2 Composition of Riesz potentials 

The Riesz potentials convolve Schwartz functions with some distributions, an 
operation which may not yield a Schwartz function, so that we might not be able 
to apply a Riesz potential to the result. To evade this problem for the moment, we 
are going to find a subspace of 5^ invariant under the action of F. 

We calculate the Fourier transform of h^ for certain values of z first. In a 
preliminary step, we deduce some formulae for the F function. If 3lz > and by 
the change of variable s = t|i^|^/2 we have 

r(--]= r s-'-^l^e-^As = r t-i-/2e-lfl^/2 { ^ 
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while in the case 9lz > —n the change of variable s = |x| /(2t) yields 



I .2\-n/2-z/2 ^ , ^ r-oa r \ l2^-"/2-z/2 



Jt=o 



2 

0/2j-n/2g-|x|V2tjj 



^-l+n/2+z/2g-5^ 



The following calculation is based on the fact that the Fourier transform of a 
Gaussian is once again a Gaussian, the Plancherel theorem and the two preceding 
formulae. For — n < 9lz < 0, we have that 

z+n\ f z\ 

= 2^+"/2p j^^^^ i2nT'^ J ^(x)|xr"-Mx 

r[-0/t_„_,(,^) 



2Jr+n^n/2p 



z + n 



2 

By definition of the Fourier transform of a distribution we obtain that 

^h, = 2^+"7r"/2h_„_, (3.6) 

for — n < 3lz < 0. However, the functions on left- and right-hand side are entire, so 
that we have equality on C by anal3rtic continuation. 

Definition 3.7. Let 5^* be the space of Schwartz functions which are orthogonal 
to all polynomials. 

The Fourier transform of 5^* is the space 5^ of all Schwartz functions such that 
all their derivatives vanish at origin. 

Proposition 3.8. Every Riesz potential F maps the space 5^* into itself. 
Proof. Let f e5^*,ge5^ and 3lz < 0. Then 

r(-z/2)2-^7r"/2h^(/ * = r(-z/2)Jfh_„_,(/ * g) 

= r(-z/2)h_„_,(j^(/*g)) 

= n-z/2)h_,_,i^f-^g) (3.9) 
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Since e 5q and the latter space is preserved under multiplication by |(^|~"~^, 
the right-hand side is finite for all z e C. By analytic continuation, equality holds 
for all z e C \ 2N. Since ^ is a continuous mapping of 5^ into itself, the map 
'4'z '■ S ^z(f * g) is a tempered distribution. Its Fourier transform ^ip^ is a 
5o-function, so that ip^ e 5^* by the bijectivity of Fourier transform on the space of 
tempered distributions. Furthermore, i/'^Cg) = h^[f * g) = [h^ */)(g). For z ^ 2N, 
this shows that F+^f = 2-^-"7T-"/2r(-z/2Xh2 */) e 

For z e 2N, (h^ */)(x) = for every x, because in such a case is a polynomial 
and / is orthogonal to all polynomials. Therefore 



extends to an entire function of z. On the other hand, F(z,x) is the inverse 
Fourier transform of \^\~'^~^^f for z ^ 2N, and the latter are Schwartz functions 
with Schwartz seminorms bounded locally uniformly in z, so that F{2k, •) is in 
fact pointwise equal to the inverse Fourier transform of \^\~^'^~"^f , so it is in 



which gives the following explicit formula for the Fourier transform oiPf: 



particular a 5o -function. 



□ 



As a side product of the proof we have, for every / e S^* and g e 5^, 




(3.10) 



Proposition 3.11. For every f e 5^* and every a, /3 e C, 




Proof. By definition of F and (3.10 1, for / e 5^*, g e 5^, 




so that Fl^f = F+^f as distributions and thus also as functions. 



□ 



Proposition 3.12. For every f & and every a, ^ e C such that SHa > 0, SH^ > 0, 
3l(a-|-/3) < n, 

jajP j: _ ja+p j_ 
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Proof. In the range SH^ > 0, is defined by an integral, so that 



a"lPfXx) = C |x-yr-"/ \y-z\P-"f[z)dzdy 

= C [ f[z) [ |x-yr-"|y-z|^'-"dydz 

Jw Jw 

= C f /(z) / Kx-z)-yr-"|y|^'-"dydz 



C / f[z)\x-z 



x-z 



-y 



\y\ dydz, 



where the last equality follows by a change of variable. By transitivity of the action 
of 0(n) on the unit sphere S"~^, the y-integral may be written as 



I I a—n I \l3 — n . 

e-y \y\ dy 



with a fixed unit vector e. The assumption 3l(a + j3) <n implies that this integral 
is finite, so that 



iI''lCfXx) = C [ /(z)|x-zr+^-"dz 

= c^r+PfXx). 



By Proposition 3.11 the constant is 1 



□ 



3.3 Inverse of a Riesz potential 



Proposition 3.11 gives the inversion formula (/'') ^ = I ''on the space 5^*(K"). 



On the full space 5^(K") there may be some integrability issues which prevent one 
from defining the composition I~'fp . Restricting to a subset of possible j resolves 
the problem. 



Proposition 3.13. For every f & and every j such that < 7 < n. 



Proof. By Proposition 3.12 we have 

/'^/7(x) = /'^+7(x) 



whenever <^a < n — j. The right-hand side is an entire function of a which is 
equal to /(x) for a = —y. It is therefore sufficient to show that the left-hand side 
has an analytic extension to the region 3la < n — 7. 
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Let 4>=I'^f. Since / e 5^(R"), is smooth and we have /(y) < C(l + lyl)"^". 
Now, 



l<^WI = c 



< c 



< c 



lyl<W/2(l + lyl)2" 
|x/2|''-" 



dy + c/ (i + |y|)-2"|x-y|r-"dy 

J|y|>|x|/2 

/■ (i + |yir^""''+" 



/|y|<W/2(l + lyl)'" " ■ y|y|>W/2 (l + k/2|) 

< Clxl'-" + Clx^-" / (1 + |y ir^""''+"|x - y r-"dy 

< cixr-". 



By Proposition 3.5 / ''</)(x) is well defined, and by analyticity of the continuation 
it coincides with /(x). □ 



3.4 Supplement: Local operators are differential 



We present here the proof of Theorem 3.1 which may be found in | HelOO Theorem 
II. 1.4]. In this section, we use the symbol || • IL to denote the seminorms 

||/IL= sup 

|a|<m,x€K" 

The operator D extends to an operator on C°°(r2) in a natural fashion since every 
smooth function / agrees with a smooth function with compact support in a 
neighborhood (7^ of each point x, and Df^ does not depend on the choice of 
by the locality of D . 

Lemma 3.14. Let f e C~(R") be such that D'^f{x) = Ofor some x and all \a\<m. 
Then there is a family of functions fg, 5 > such that fs=Oona neighborhood of x 
for each 5 and \ \f — fg\\^ as 5 0. 

Proof. Without loss of generality, assume x = 0. Let ^ be a bump function which 
is 1 in a neighborhood of the identity and outside of the unit ball in K". Let 

/5(y) = /(yXi-</'(y/5)). 

Then /g = in a neighborhood of and 

-/sXy) = Xi f !l(i)''/XyXo"-^0Xy/5)5-i°i+i''i, 

SO that, for |a| < m, 

sup -/sXy)! < c sup V |(D^'/XyXo"-''0Xy/5)5-i°i+i^i| 
< c sup V|(D^/Xy)5-i"i+i^i| 
= 0(5) 



as 5 ^ 0, because {pf^f\y) = 0(|y T'l'^l+i) by Taylor's formula. 



□ 
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Lemma 3.15. Let O c R" be open and D : C~(n) C~(n) be a local linear 
operator satisfying 

IP/Ho <c||/IL (3.16) 
for all f e C^°°(r2). Then D is a differential operator of order m on Q., i.e. 

\a\<m 

for some smooth functions a„ and all f e C°°(r2) (not necessarily with compact 
support). 



Proof. Let 



Then 



" 1 

Pa,a = Y\^^X,-a,r 

^ if a, ! 



i = l 



DPP„ 



and, for every / e C^°°(n) and a e 

g(x)=/(x)- C^^"/Xa)^'a,a 

|a|<m 

is a smooth function on f2 and (D"g)(a) = for all \a\ < m. Therefore, by 
Lemma 3.14 g may be approximated in C^-norm by some functions gg vanishing 
in some neighborhoods of a. By locality of D, (DggXa) = 0, while by (3.161, 
(Dgg)(a) (Dg)(a) as 5 ^ 0, so that (Dg)(a) = as well. By linearity of D, we 
have 

(D/)(a) = (D"/)(a)(DPa,a)(a)- (3.17) 

\a\<m 

Now, P„ Q is a polynomial in x with coefficients which are polynomials in a, say 

Pa,a = '}^PiMq,lia). 



By linearity of D, we have 



which is a smooth function of a. Therefore, (3.171 is the representation of D in the 
required form. □ 



Lemma 3.18. Let f2 c K" be open and D be a local operator on C^°°(r2). Then, for 
every x e n, there exists a relatively compact neighborhood U of x and a natural 
number m such that 



l|0/||o<ll/IL forallf &C^iU\{x}). 



3.4. SUPPLEMENT: LOCAL OPERATORS ARE DIFFERENTIAL 
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Proof. Suppose that the contrary is the case, i.e. that for every relatively compact 
neighborhood U of x, every m and every M > there exists a function u e 
C~([/ \ {x}) such that llDiillo > M||iz||,„. 

Let Uq be some relatively compact neighborhood and define a sequence of 
functions {iZ;^} ^^d relatively compact neighborhoods {!7^} inductively in such a 
way that 

ii,eC~([/AW), \\Du,\\,>2''^\\u^\\,, 



L/;t+i = Lrfc\supp li^. 
Then the supports of u^. are mutually disjoint, so that 

" ^\K\\k 

is well-defined and compactly supported. Furthermore, the series converges in 
every C" norm, so that iz is smooth. On the other hand, 

2-'' 

IKi)")lsupp.Jlo = ^^IKi)"fc)lsuppuJlo > 2^ 
W^kWk 

SO that Du is unbounded on Uq, in contradiction to it being a continuous function 
on the compact set Uq. □ 



Proof of Theorem 3.1 Let x e f2. By Lemma 3.18 there exists an m and a neigh- 
borhood U of X such that 

\\Df\\o<C\ 



for all / e C°°([/ \ {x}). By Lemma [3l^ 



DfW= aaC3'XO"/Xy) (3.19) 

\a\<m 

for all y e i7\{x}, some smooth functions a„ and all/ e C°°(i7\{x}). In particular, 
this is true for / e C^°°(r2). Furthermore, the formula (3.191 remains valid at x, 
since both the left- and the right-hand side are continuous functions of y. Therefore, 
D is a differential operator of order minU. □ 



Chapter 4 

The Radon transform 



The Radon transform is among the simplest integral operators with singular ker- 



nel one can possibly imagine. It was originally introduced in lRadl7| for two 
dimensions with an indication of possible generalizations to more dimensions and 
non-Euclidean spaces. 

This transform is probably best known in connection with computer tomography. 
However the fc-plane transform used there differs from the Radon transform in the 
codimension of the support of the integration kernel. We refer to chapter[7]for the 
discussion of this application. 

The Radon transform of a Schwartz function / e 5^(K") is defined by 

<%/(o-,t)= / /(x)dA„_i(x), creS"-\teK. 

J {a,x) = t 

It is a function of the affine hyperplane {x : (cr,x) = t}. 

We start by proving two of its basic properties, mostly following the exposition 



in [ Hel99 1 . The first one says that Mf vanishes for 1 1 1 > R only if / itself vanishes 
identically for |x| > R, suggesting that the transform is invertible. The second is 
the actual inversion formula. 

Afterwards we will turn to the investigation of boundedness of the Radon 
transform as an operator from L^(R") to L'^[S"~^,L''(R)). The norms of functions 
in the latter space are denoted by || • ||^.^, and we are interested in estimates of the 
form 

\m\kr<Cci,r,p\\f\\p- (4.1) 



4.1 The support theorem 

If the support of / is contained in a ball of radius R centered at the origin, then the 
Radon transform clearly vanishes for 1 1 1 > R. In this section we prove the converse 
statement, beginning with the special case of radial functions. 



Proposition 4.2. Let f e 5^(K") be a radial function, such that for every \t\ > R 
and a e S"-\ Mf(^a, t) = 0. Then supp/ C B(0,R). 
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Proof. By the assumptions, /(x) = F(|x|) for some even function F and 

J {x,(j)=t 

= I nVt' + lyP)dy 

/•oo 

= fi„_a/ F(A/t2 + p2)p"-'dp 

= ^n-i / f (0(r' - t^y-^rdr (r^ = p^ + t^) 

Jr=t 

Let s > R, multiply this equahty by t(t^ - s^)'^""^^''^ and integrate for t e (s, oo). 
Observe that the left-hand side vanishes identically, so that 

/■oo nOQ 

0= / t[t^-s^y-^ / F(r)(r2-t2)¥rdrdt 

Jt=s Jr=£ 

f°° r „-3 n-3 

= F{r)r I (t^-s^) — (r^- t^)— tdtdr. 

Jr=s J t=s 

With the substitution 2t^ = + - T(a^ - s^), the inner integral becomes 

(a2-s2)dT 



r [(1 - T)(a2 - s2)/2] [(1 + T)(a2 - s2)/2] 



2 



and inserting it back into the previous equation, one obtains 

I F(r)r(a'-s2)"-2dr = 0. 

J r=s 

Applying the differential operator (^^^^ > one gets F(s) = 0. 



□ 



Let us now see how the general case reduces to the one already treated. First, 
observe that it is not sufficient to average / over the spheres centered at 0, since 
every odd function would vanish under this procedure. This limitation can be dealt 
with if one takes into consideration the spheres centered at points different from 
the origin. 

Let Xq e R" and define the spherically averaged function centered at Xq by 



fxoM= / f(xo + <7\x-Xo\)da. 



If / was rapidly decreasing at infinity, then it is rapidly decreasing too. Its Radon 
transform is given by 



J {a,x)=t 



{a,x) = 

/ f(xo + k(x-Xo))dkdXn_i(x) 

{a,x)=t Jk^O{n) 



4.1. THE SUPPORT THEOREM 
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/(xo + fc(x - Xo))dA„_i(x)dfc 

k€Oin) J {a,x)=t 

(^0 + Kx - Xo))dA„_i(xo + fc(x - Xo))dfc 



/ ^/(fccr, t + (fco-,Xo - fcxo))dfc, 

Jk€0(n) 



lk€0[n) 

or, written in a tidier way, 

^/^Jc7,t+(cr,Xo))= / ^/(fca,t+ (fcc7,Xo))dfc. 

If ^/ was supported in {|t| < R}, then ||t|-|xo|| >R implies ^Z/^f^jCcr, t+(o-,Xo)) = 
0. Visually, this says the Radon transform gets averaged over the hyperplanes which 
have the same distance to Xq and 0l fx„ va nishes for hyperplanes outside the ball of 
radius R + |xo| around Xq. By Prop. 4.2 the averages vanish outside the ball 
too. Put in clear way, we have / = whenever a sphere S does not intersect the 
ballB(0,R). 

Lemma 4.3. Assume that, for a rapidly decreasing function f , whenever a sphere S 
does not intersect the ball B(^0,R\ J^f =0. Then, for every such S, abo j^fXj = Q 
for every j. 

Proof Let x, R be such that B(x,R) d B(0,R). Then 

,n-l 



/ = / f-n, p"-^ / / = / /=const. 

(x,R) Jr" Jp=R JdBix,p) 



In particular. 



0=;^/" /=/ djf=[ V^{f{y)d,)dy= [ V^(/(y)5pdy 

tl-^j JB(,x,R) JBixfi) JBixfi) JB{x,R) 

= / {fWd,,y)dy=[ f{y){x,+y,)Ay= [ f{y)y,dy, 

JdB(,x,R) J 8Bi,x,R) J 8B(x,R) 

the last two equalities being valid by the divergence theorem and by the hypothesis 
(since Xj is constant) . □ 

This allows us to conclude easily. 

Theorem 4.4. Let f e 5^(K") he such that 9tf vanishes for every t > R and 
a e S""\ Then supp/ c B(o,R). 



Proof. By the preceding considerations, we may apply Lemma 4.3 Since f(x)xj 
still satisfies its conditions, we may reiterate. Thus, by induction on the degree of 
P, we get 

/ /(x)P(x)dx = 

for every polynomial P and every R > R. By the Stone-WeierstrafJ theorem, the 
polynomials are dense in continuous functions on the sphere, so that this implies 
/ = on 3B(0,R). Since R > R is arbitrary, the assertion follows. □ 
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(4.5) 



4.2 The inversion formula 

A basic relation between the Radon and the Fourier transform is 

jr/(as)= [ /(x)e-'<'^^'^>dx 

= / / /(x)e-^<-'-MA„_i(x)dt 

J t=—oo J {a,x)=t 

= r I /(x)e-"^dA„_i(x)dt 

Jt=-OQ J{(J,x) = t 

= / SSf(a,t)e-^'dt 

J t=-oo 

where the symbol indicates the Fourier transform in the coordinate s e for 
a fixed a e S""\ 

Therefore the formal inverse of the Radon transform is = On the 

other hand, formally up to constants, 

Jm" Jm" 

This suggests that the inverse of the Radon transform may also be written as the 
composition of its adjoint and a Riesz potential. To calculate the adjoint exphcitly 
consider the duality relation in question. A calculation using Fubini's theorem 
shows that 



/ / 



^f[(J,t)g[a,t~)dtda= / / / /(x)dA„_i(x)g(cT, Odtdcr 

S"-i jRj{a,x)=t 



= / f(x)gia,{a,x))dxda 

Js"-^ Jr" 

= [ /(x)^*g(x)dx, 

where 

Si*gM= I gia,{cr,x))da 

is the integral of g over all hyperplanes passing through x. 

We will now compose the Radon transform and its formal adjoint and apply 
the inversion formula for the Riesz potential. To simplify the expression, it will be 
convenient to use group-theoretic notation. Let M(n) be the group of isometries on 
]R", the action of g e M(n) being written multiplicatively, x = g • and ^ e Gn „_! 
a fixed hyperplane through 0. 

Jk&Oin) 



= [ [ /(gfc-y)ciA„_i(y)dfc 



4.3. DISCONTINUITY 
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/(gfc-y)dfcdA„_i(y) 

yeC Jk&0{n) 

= f f /(g-0 + c7|y|)dc7dA„_i(y) 

rOQ r 

= n„_i/ r""M fix + ar)dadr 

Jr=0 JaeS"-^ 

= n,_,n;^ [ \y\-'f[x + y)dy 

JR" 

= -^g-i*fM 

= r(n/2)2"-i7i"/2-ijn-ij 



By Proposition 3.13 this gives the inversion formula 

/ = r(n/2r^2-"+i7r-"/2+ij-n+i<^*^^_ 

In case of odd n this speciahzes to 

/ = r(n/2)-i2-"+i7r-"/2+i(-_^)(n-i)/2^ 

by (Is:?]). 



4.3 discontinuity 

The examples in this section impose some restrictions on the possible values of 



parameters in (4.1 1. The given functions are not of Schwartz class, but each of 
them may be approximated simultaneously pointwise and in by a monotonously 
increasing sequence (J^^) of Schwartz functions. The Radon transforms of f^. 
converge monotonously as well, and by the monotonous convergence theorem, the 
lower bounds below are satisfied up to an arbitrary error by some fi^. 

Restriction on p For p>n/(n — 1)>1, the function 

/(x) = (2+|x|r"^Pln-i(2+|x|) 



is in L^, as 



C r"-i(2 + rr" In"" (2 + r) < / r-Mn-^Cr) 

Jr=0 Jr=2 

\n-P+\r)\ lni-P(2) 



1-p / p-1 



but for every cr e S" , t 



/ 

Jh 



/(x)dA„_i(x). 



r"-\2 + ^/r^ + t^)-"/P 



{x.a)=t " Jr=o ln(2 + + t2) 

r"-2(r + 2 + |t|)-"''P 



> 



r=0 



ln(r + 2 + |t|) 
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Figure 4.1: A plane passing through the cyUnder of height 1 and radius R 



> 



> 



> 



(r-2 - Itl)"-^-"/^ 



r=3+|t| 
00 j.n-2-n/p 



ln(r) 



r=3+\t\ ln(r) 
r=3+\t\ 



lim [lnln(r)]f^3^l^l=oo, 



i.e. the Radon transform is identically +oo. Thus estimates of the form (4.1 1 are 
only possible if 

P < (4.6) 
n — 1 

Restriction on r We consider the characteristic function Xr of the ball of radius 
R around the origin in K". Then HzxHp = CR"^p and 

mXR\kr=( f (f (f I«(x)dA„_i(x)') dt") da] 

yJaeS"-^ \JteR \J{x,a)=t J J J 

1/r 



((R2-t2)("-l)/2)''dtj 
n-l+l/r ((l-s2)f"-l)/2)'-dsj ^ = CR"-l + l/^ 



SO that the mixed norm estimate can only hold if R" < CR"^^ for all R, which 
is the case if and only if 

n-l + l/r = n/p. (4.7) 

We remark that we might have used the dilates of arbitrary functions in this 
argument. The characteristic functions of balls, however, yield the most explicit 
formulae. 

Restriction on q Finally, consider the characteristic function Xr of the cylinder 

|xi| < 1, H ^x^ < R^. Then \\xr\\p = CR^""^^^'', while the Radon transform 

is of order if a is near in the sense that the angle </> between them satisfies 



tan^ < 1/(2R) and t is small in the sense |t|/cos</) < 1/2, as in Figure 4.1 



4.4. ESTIMATES BY COMPLEX INTERPOLATION 
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For R big enough, one may consider the more restrictive conditions 4> <1/ (4R), 
\t\ < 1/4, and the Radon transform satisfies the lower bound 



W^XRlkr 



> 



{^<l/(_4R)] \J{\t\<l/4] \J{x,a) = t 



XR(x)dA„_i(x) dt do 



q/r 



1/q 



> C/i({0 < l/(4R)})i/Ui({|t| < l/4})i^''R"-i > CR("- 



m-l/q) 



■00, 



where /x is the measure on S" ^. The estimate (4.1 1 implies that 

R<.n-m-m<CR^n-l)/p 

so that 1 — 1/q < 1/p or, equivalently, 

q<p'- 

By Holder's inequality and because the measure of S"~^ is finite, (4.1 1 with any 
given q implies the same inequality for all smaller q's as well (as long as q > 1). 
Therefore, an estimate on q from below would have disproved (|4.1|). 



(4.8) 



4.4 estimates by complex interpolation 

By Fubini's theorem. 



ll^/(c7,0lll-|U 111 

for every cr, which immediately shows the estimate 

ll^/IL;l<ll/lll. (4.9) 



The strategy for showing ( [4.ip will be interpolation between the end point ( 4.9 1 
and a second estimate. To obtain that additional estimate, we will in turn embed 
the Radon transform into a holomorphic family of operators. For / e D := 5^(R") 
define 

where the convolution is meant to be taken in the second variable of 01 f[-, •)• 

We begin with the end-point estimates on two vertical lines in C. Let us start 
with {dlz = 0}. For every y e K, we have that ||giy||oo = 1> therefore 

\M,yf[a,t)\ < ||^/(c7,.)||i||h,3,|L < ll/llilr((l + iy)/2)|-i 
for every cr and t, so that 

ll^.y/lloo<|r((i + iy)/2)|-i| 



Proceed with {3lz = -(n + l)/2}. By (4.51 we have J2^(^/(o-, .))(t) = J2"/(crt). 



The Plancherel theorem on K and ( [3.6p imply 
^J\'= [ [ I^^JI' 



2^+1^1/2 



r(-z/2) 



/ / |J?-/(cjt)|2|t|2(-^^-iMtda 



= c\n-z/2)n\^f\\l 

= C|r(-z/2)|-2||/||2, 
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I.e. 

m-^n+i)/2+iyf\\2<\mn+l)/2-iy)/2T'\\f\\2- 

We now verify the technical conditions on 01^. Fix an / e D. Recall that in one 
dimension 



2 



kl=i 



+ r / $(r) - y — — ^ dr 

^(z + l + 2fcX2/c)! 



+ r 

V 2 y 

where $(r) = 0(r) + (^(— r). The second term defines an analytic function on 
{—1 — 2m — 2 < SUz}. Since ^ is a continuous operator between Schwartz spaces, 
^/(c,-) is bounded in 5^(]R^) uniformly in a, and h^' * 9if is holomorphic as 
an L°°(S""^ X K)-valued function on the open half-plane { — 1 — 2rn — 2 < Dlz}. 
Furthermore, h"' *0lf is an entire L°°(S""^ x K)-valued function. 

The function h'^*0if on the other hand is merely pointwise entire. It is analytic 
with values in L°°(S"~^ x K) on the open half-plane {3lz < 0}, but not necessarily 
differentiable in L°°(S"~^ x R) at z = iy, since r In r is unbounded on (1, oo). 



Nevertheless, since m was arbitrary and by Theorem 2.15 the family 91^ is 
strongly analytic on {3lz < 0}. 

Moreover, h'^ * S/tj is locally uniformly bounded on {SUz < 0}. Therefore for 
every v e L^(S"~^ x R) the dominated convergence theorem implies that the 
function *Mf,v^ is continuous on {SUz < 0}. Hence {9tJ,v) is continuous 
on {3lz < 0}. To see that this function has admissible growth it suffices to use the 
Stirling formula, which implies that the inverse of the F function has admissible 
growth. 



Finally, by proposition 1.32 we have t hat -I- L°° = {1? n L^)'. Now we can 



apply the Stein interpolation theorem 2.24 with D = 5^(R"), V := L^DL^jS" 



and strip S replaced by {— (n -I- 1)/2 < SUz < 0}. By Proposition 2.28 we obtain for 
every < < 1 the estimate 

mjWi,' <C\\f\\LP, (4.10) 

where z = -(n + iXl - 0)/2 and p-^ = (1 - 6)2-^ + 61-^ = 1/2 + 9/2 = 
1 -I- z/(n -I- 1). Observe that h_i is a constant multiple of the Dirac 5(0), so that 
01-1 = C0l. Therefore, if 6 in chosen in such a way that z = —1, we obtain an 
estimate for namely 



||5?/||„+i,„+i = ||^/||„+i<C 



Combining this result with ([4.9P and applying the Interpolation Theorem 2.24 and 



the characterization of the intermediate mixed norm spaces (Corollary 2.271 again, 
this time with p-'^ = (1 - 0)1"^ + 0n/(n + 1) =: Q-\ = 0(n + 1)"^ = 1/p', 
Q-i^ = (1 - 0)1-1 -I- 0(n -I- l)-i = = np-i - n -I- 1, we obtain 



\m\\p';r<C\\f\\p 



4.5. A LORENTZ SPACE ESTIMATE AT THE CRITICAL POINT 



59 



for every 1 < p < (n + l)/n. 

In case n > 2, we can extend the result to (n + l)/n < p < n/[n — 1). Set 
z = -(n + l)/p'. Then -(n + l)/2 < -1 - 1/n < z < -1 < 0, and thus the 
inequahty ( |4.10p holds. Furthermore, in dimension 1, 

^(.h_,_2 * K) = Ch,+,h_,_, = C 



by (|3.6|l and because — 1— z>— l,z + l>— 1, so that the distributions h^^i, h_i_ 



are in fact functions. Therefore 

9tf = Ch_,_2 ■ 



Since h_^_2 e the weak-type Young inequality (Proposition 1.38 1 imphes 



\mf\\p';r < \\^J\\p';p'\\h-.-2\\lK.+2),oo ^ 



< 



where r is given by the condition 



+ 1^ 



+ 



l/(z + 2) 



in accordance with the restriction (4.71. Observe that at the end point p = ^ we 
have r = 00 and the weak-type Young inequality does not hold, just as one would 
expect from (4.61. 

Since the measure on S"~^ is finite, the Holder inequality allows to extend the 
range of exponents in (4.1 1 replacing the q by any number between, and including, 
1 and q. This way, we see that (4.8 1 is the optimal. Let us summarize the results of 
this section. 

Theorem 4.11. Let n>2. Then an estimate of the type 

mf\kr<Cq,r,p\\f\\p 

holds if and only if 1 < p < n/[n — 1\ q < p' and n — 1 + 1/r = n/p. 



4.5 A Lorentz space estimate at the critical point 

The use of the weak-type Young inequality in the previous section suggests the 
possibility that the Radon transform is a continuous operator between some Lorentz 
spaces for the critical exponent p = n/{n — 1). In this section, we show that this is 
indeed the case. In particular, 

ll^/ll„;oo<C||/||p,i. 

Lemma 4.12. Let < a < 1 < r < oo. Then for every f e C°'"(R) n L'CR), 

Proof. Let x be such that |/(x)| > 0. By Holder continuity of/, 

|y-xn|/||co,« < |/(x)|/2 ^ |/(x)-/(y)| < |/(x)|/2 =^ |/(y)| > |/(x)|/2. 
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i-e. > |/(x)|/2 on a line segment of length C(|/(x)|/||/||co,»)^^" centered at 

X. By the Chebyshev inequality we have 



> (i/wi/2)n{i/i > i/(x)i/2}i > ci/(x)r 



+l/a||f 



Since x is arbitrary, 



< ||r||ra/(ra+l)||r||l/(ra+l) 



00 ~ lU Mr 11^ ll^O.a * n 



Definition 4.13. The finite difference operator is defined by 

Atu(x) = u(x + t) - u(x) 

Lemma 4.14. Let a> 0, m > abe an integer, g e C(R) such that J^g e L^(I 
Then 

sup|A-g| < C{m,a) [ f \^gis)f\s\^+'''ds] ' |tr 

Proof. By the Fourier inversion formula and as ^[A^gX^) = ^g(^)(e'^^ — 1), 
|A^g(x)|< / |^g(?)||e'«'-ird? 

1 1 
<( [ l^g(OI'l?l'+"^d? ) ' ( / |e'«^ - l|2'"|^|-i-2«dn ' 

The integrand in the last pair of parenthesis is independent of t, bounded by 
for |s| < 1 and by |s|~^~^" elsewhere and thus finite. □ 



Lemma 4.15. Assume n > 3, let n/{n — 1) < p < 2 and m he an integer with 
m > (n - pO/2. Then, for every f e 5^(R"), 

/ ( sup \[A";0lfXa,x)\P'\t\P'-'')dcj] <C\\f\\p. 

Js"-i x,tfiOeR J 

Proof. Let 17 := n — p' > 0, 

[TJXa,x, t) := |tr^/("-'')(A-^JXc7,x). 



At the end point SUz = (17 — n)/2 < —1, the Lemma 4.14 with a = 17/2 applies 



because for every a, M^f is a convolution of a tempered distribution and a Schwartz 



function and thus continuous, while by (3.9 1, 



4.5. A LORENTZ SPACE ESTIMATE AT THE CRITICAL POINT 
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which is in L^(R) as a function of ^. The lemma implies 
/ sup \TJ(ia,x,t)\^ da 



sup 



da 



tV/2 

<C I I \[^0lJXa,^f\^\'+^d^da 

= c [ [ \2^+'7z'''n-z/2rK^fXcj^'\^r'd^da 
= c\2''n-z/2r'\ [ k^fx^'d^ 



c|r(-z/2)| 



-2||^l|2^ 



i.e. T, : L^(R") L^[S''-\ L~(K x (R \ {0}))) is bounded. By the Fubini theorem, 
3lz = implies 

sup sup |rj(o-,x,t)| <|r((z + i)/2)|-i||/||i, 



i.e. T^ : L^QS.") L~(S"-\L°°(R x (R\ {0}))) is bounded. By Theorem [2^ with 
— 1 = (1 — 0)^^, r_i extends to a bounded operator from L''(R") to 



Lf'(S"-\L~(Rx(R\{0}))). 



This proves the claim since 



□ 



For every < /3 < 1, Lemma 4.12 and the Holder inequality imply 



sup|<%/(o-,t)r ) dCT 



<C I / \dlfia,t)\'-dt 



< c 



|^/(c7,t)-^/(0-,s)r 

sup ■ I da 

nal(l+ra)IP \ P 

|^/(cj,t)rdt 1 da 



( f f \dlf[a,t)-i%f[a,s)\ 
/ sup i i 



n/il+ra)/il-l3) \ 1"^ 

da 



ar/(l+ra)||r||(l-/3)P; 



<cii/ii;:'- 



the second to last inequality being valid by Lemma 4.15 if 

n ^ na , n 

(l + arXl-/3) "^1' (l + arXl-/3) n-1 



<Pi<2, 
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and the last inequality by Theorem [4^11] if 



nar In n 



(l + ra)^""^" r po '"^^ n-1 

Elementary manipulations show that these restrictions reduce to 

1 < Po < < Pi < 2, 

n — 1 

and there are explicit expressions for a, [3, r. With those, the inequality assumes 
the form 

l|i^/lln;oo<C||/||^7ll/ll^^, (4.16) 

where j satisfies 

1 — r Y n — 1 

- + — = . 

Po Pi " 

The space L^'^ is the smallest rearrangement-invarian t Bana ch function space 



in which \\xe\\ — \E\^^'^ for every measurable set E, cf. [BS88 Section 2.5]. In 
that space, we can estimate the norm of simple functions from below by the 
corresponding linear combination of norms of the characteristic functions, 

ll^ajcXJUi >Xlafc||IZfc||p,i. 

k k 

Since simple functions are dense in L*"-^, this reduces the question of boundedness 
of an operator T from L^'^ to some Banach space X to the question whether 



||rx^||;,<c|£| 



i/p 



for every measurable set E. In case of the Radon transform, we have by (4.161, 
formally, 

mXE\\n;oo<C\\XE\\l:'\\XE\\l=C\E\^''' 

with p = n/[n— 1). But, for every measurable set E, Xe ni^Y be approximated by 
Schwartz functions simultaneously in L^", L^i and L^'^, so that we still obtain a 
dense subset D c L^'^ such that 91 iD ^ L"(L°°) is a bounded operator 

4.6 Radon transform as a convolution operator 

In this section we consider a convolution operator on the Heisenberg group 
Hn = {(xi,...,x,„yi,...,y„,t)} 



and provide an alternative view point on the boundedness of that operator [ RS89[ 
Lemma 2.6]. 

Let / be a measurable function on K^"+^ = H„ and be the 2n-dimensional 
Lebesgue measure on the hyperplane { t = 0} . The convolution / * may be written 
in terms of the Radon transform as 

f*Kx,y,t)=[ [ f[x-r,y -s,t- -ixs-yr))drds 

= M-' f f. 

J 7z[x,y,t) 
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Here, 7i(x,y, t) is the plane through [x,y, t) which is orthogonal to 

v = (-l,0,...,0,yi/2)A---A(0,...,0,-l,0,...,0,y„/2)A 

(0,...,0,-l,0,...,0,-Xi/2)A---A(0,...,0,-l,-x„/2) 

= (yi/2, . . . , yj2, -xj2, -xj2, 1), 

and ||v|| = (l + x^/4 + y^/4)^^^. We will use this description of the convolution 
operator / / * /x to obtain an estimate. 

First we make some remarks regarding the centrographic projection map P (cf. 



Figure |4.2[ ). It is a bijective map from the plane R™"^ onto the upper unit half- 
sphere S™~^. We now compute the density of the image measure of the Lebesgue 
measure on K™"^ with respect to the standard measure on the sphere. At a point 
given by angle (p, there are three effects to take care of: 

• the radius is reduced by a factor of sin cb since r = cos cb and R = which 

^ ^ sm0 ' 

gives a factor of sin^"™ in the density function (there are m — 2 additional 
dimensions hidden in the figure). 

• The inclination of the ray (the inclined line in the figure) with respect to 
the plane is cp, while the sphere is orthogonal to the ray, which gives an 
additional factor of sin~^ . 

• The length of the ray is 1/sin^, while the distance from the origin to the 
sphere is 1, which gives one more factor of sin~^ 

So the density function, i.e. (det VP)~^, is sin"'" 0. 
Returning to the convolution operator, the map 

F:(x,y,t)-(v/||v||,(x,y,t)-v/||v||) 

is bijective between H„ and S^" x K. Its first component is the composition of a re- 
striction to a hyperplane of codimension 1, a dilation by 1 /2 and the centrographic 
projection P with m = 2n + l. The second component contains all the dependence 
on t. Therefore, 

detVF = • v/||v||)j (2-2")det VP = i\\v\\-'X2-"'Xsin"'^' <i>). 
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Since in our case sin0 = ||v||~^, we have 

detVF = 2-2"||v|r2"-2. 

This readily impUes 

(/ * = 2^" /" [ (^/(C7,s))^"+^dcrds. 

7s?" Jr 



By Theorem 4.11 the latter integral may be estimated by 

C|l/ll(m+l)/m- 



Chapter 5 

Rearrangement inequalities 



Certain estimates are particularly easy to prove for symmetric objects like radially 
symmetric functions. This happens if the problem at hand reduces to the one- 
dimensional case, where tools like the Hardy inequalities are available. The 
operation known as the Steiner s3mimetrization then serves to amplify the results 
thus obtained to more general functions. 

For a measurable set T c K" and u e S"~^, the Steiner symmetrization of T 
with respect to the direction u is the set T*" with the property that for every 
V J. u, r*" n (lin(u) + v) is a segment centered at v such that its 1-dimensional 
Lebesgue measure is the same as that of T n (lin(u) + v) (or if the latter set is not 
measurable). 

By Fubini's Theorem the Steiner symmetrization preserves measure. The central 
idea is that we can, up to an arbitrarily small error, transform any set into a ball 
with the same measure by repeated applications of the Steiner sjmimetrization. 

Proposition 5.1 (Symmetrization principle). Let {Ti}i^i be a countable collection 
of bounded subsets o/K" and Pi be the radius of a ball with Lebesgue measure ITJ. 
Then there exists a sequence of directions (Uj)j such that T*"' C B(0, p; -l-0;(l)) 
and A(S*"' ' ™"AB(0,Pi)) ^ 0/or all i e /. 

We present here a quantitative version of the standard proof 

Proof. The first conclusion clearly implies the second. Moreover, since the Steiner 

symmetrization of a set bounded by a constant is bounded by the same constant, 
the result follows from the special case |/| = 1 by a diagonal argument. From now 
on we omit the index i and define 

R:=inf{s : r*"'"*"" cB(0,s)for some Ui,...,u„}. 

It suffices to show that R = p. Assume for a contradiction that R> p. 

Let 5 > 0. By definition of R we may assume that T is contained in B(0,R + 5). 
Let ei,...,e„ be the canonical frame. Replacing T by r*'i"*^" we may also assume 
that if y e T and x e R" satisfy \xj\ < \yj\ for all ; = 1, . . . , n, then x e T. This 
new set is still contained in B(0,R + 5). 

Let e be such that 

(R + pf/4 + (R + p)ne + ne^ < R^. 
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Figure 5.1: Separation of p from T*" for </> ^ | (left) and <^ small (right) 



Assume that no point of the sphere S(0,R) is e-separated from T. By the choice of 
e, for every x e B(0, (R + p)/2) there exists aye S(0,R) with \xj\ + e < \yj\ for 
all j, since 

^(|x^| + e)2 < (R + p)2/4 + (R + p)ne + ne2 <r2. 



On the other hand, the intersection of the cube with side length 2e centered 
at y with the set T is non-empty by the assumption. Therefore x e T, so that 
T Z) B(0, (R + p)/2), which contradicts the fact that the Steiner symmetrization 
preserves measure. 

Therefore there exists a point ^ S(0,R) such that B(yo,e) n T = 0. By 
compactness of S(0,R), there exist Ji, . ■ . , different from Jq such that the balls 
Biyj,e/2), j = 0, ...,mcoverS(0,R). Observe that m may be chosen independently 
of 5. 



Define u, 



for j = 1, . . . , m. We claim that, provided that 5 is suitably 



small, r*"i"'*""' is separated from S(0,R) by some positive distance. But then 
r*"i ■*""■ c B(0,R') for some R' < R, contradicting the minimality of R. 

If we could choose 5 = 0, the claim would follow by the argument in [ Fed69 



2.10.31]. Here we need a more quantitative version. We look at the decay of the 
radius of balls separating S(0,R) from T as Steiner symmetrization is applied in 
terms of their initial radius r, R and the error 5. Assume p e S(0,R), B(p, r)nr = 0, 
u e S"~^ and write cf) for the angle between the lines spanned by p and u. 

Then on the one hand, if (j) is almost n/2 (say, cos^ < sine/) > |), then 
the projection of p onto u-^ is separated from the projection of T at least by 



■2R5-5^ 
"^R 



sin0 - — cos ^ V (r^ - 5)(4R2 + 4R5 + 5^- r^) 



2R 



^2 ^2 

> — sind) —2rcos(b > — , 
~ 4R 8R 

assuming 5 is small enough, so that p is separated from T*" by at least the same 
distance. 

On the other hand, as long as is bounded away from ti/2, B(p, r) contains a 
ball of radius bounded from below by some (independent of ^) which does not 
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intersect u-^. If the thickness of the rind B(0,R + 5)\B[0,R) does not exceed, say, 
ri/8, then B[p, ri/4) n T*" = 0. 

These bounds are uniform in p and u, so that for a given r > there is a 5 > 
and > such that if B{p, r) n T = 0, then B(p, rj) n T*" = 0. 

This may be reiterated a finite number of times, since smaller 5 do not worsen 
the estimate for rj. Furthermore, if is the mirror image of p with respect to 
the hyperplane u"*", then also B(Pm, n T*" = 0. Because each point of S(0,R) 
arises as a mirror image of some point in S(0,R) n B(yo, e/2) and the latter set is 
separated from T, we obtain that S[0,R) is separated from r*"!" *"-. □ 

The first application of the symmetrization principle is the following proof of 



the Brunn-Minkowski inequality found in [Gar02 p. 361]. 



Corollary 5.2. For any non-empty Lebesgue measurable sets Ti,T2 c R", we have 
that 

ACTi + T2f'" > ACTi)^^" + KT2f'"- (5.3) 
Note that the assertion is clear if both and are balls. 

Proof. If one of the sets Tj has infinite measure, there is nothing to prove. If both 
Ti and have finite measure, they may be approximated in from below by 
bounded sets, so that we may assume that they are bounded. Furthermore, passing 
to subsets if needed, the sets may be assumed to be Borel measurable, so that their 
intersections with affine subspaces are still measurable. 

To be able to apply Steiner symmetrization, observe that ( + Tj)*" 2 T*" + T*" 
for every iz. This is essentially a one-dimensional fact. If Tj c R are non-empty and 
bounded, then there exist Xj e Tj such that 

ACTi n (-(X3,xi)) > (1 - e)A(ri) and A(r2 n (X2, +<x)) > (1 - e)A(r2). 

It follows immediately that 

ACTi + 72) > ACTi n xi) + X2) + A(xi + 72 n (x2, +00)) 
>(l-e)(A(ri) + A(r2)). 

Since such Xj exist for all e, the observation follows in one dimension. In several 
dimensions, Tj may be decomposed into one-dimensional slices parallel to u to 
obtain the same result. 

there exists a sequence of directions Uj such that r*"' "'*"'» c 



By Proposition 



5.1 



B(0,pj + 0(1)). Smce the Steiner symmetrization preserves measure and by the 
above, 

ACTi -I- T2) = KTi + r2)*"i'"*"'" 

>A(r*"'-i-r2*"')*"2-*"->... 
>A(r;"'-*"- + r2*"'-*"-). 

Let Xi,m be the characteristic function of r*"!'"*"'" and Xi be the charactertic function 
of B(0, Pi). Then the functions Xi,m ^re uniformly bounded and converge to Xi in 
L\ so that xi,m * X2,m ^ /i * Z2 in i-^ by the Young inequality But 

A(rr^-*"'" + r2*'"-*"-)>A{xi,.*z2,.>o} 

>A{Zi*Z2>0} + o„(l) 
= AB(0,pi+p2) + o„(l). 
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Passing to the limit as m ^ oo we obtain 

= AB(0,pi)i/'' + AB(0,p2)i/" 

The Brunn-Minkowski inequality readily implies a form of concavity for the 
area of the sections of a convex set. 

Proposition 5.4. Let C c K""*"^ be a convex set and (f) be a fixed linear functional on 
R''+^ Denote the area of a (p-slice of C by S(t) = A„(C n {0 = t}). Then S(t)i^" is a 
concave function of t in the interval where it is greater than 0. 

Proof. Assume S(to) > 0, S(ti) > 0. By convexity of C, for every < < 1, 

c n {0 = tg} 2 (1 - exc n{cj> = to}) + 0(c n {</> = tj), 



where tg = (^1 — 9)tQ + 6t^. Applying (5.3 1, one sees that 

s(te)i/" > A„((i - exc n{4> = to}))i/" + A„(0(C n {</, = ti}))i/" 

= (l-0)S(to)i^" + 0S(ti)^^". □ 

Corollary 5.5. If C <z K""*"^ is convex and balanced in the sense that C = —C, then 
S{t} is monotonously decreasing for t >Q. 



Proof. S(t) = S(— t) and S^^" is concave by Proposition 5.4 



□ 



Let us see how this result may be used to obtain a rearrangement inequality for 
characteristic functions of sets. 

Proposition 5.6. Let Ij and fj, j = l,...,nbe some linear functions on and 
characteristic functions of intervals {bj — Cj,bj + Cj) c R, respectively, and K be a 
characteristic function of a balanced convex set in K"". Then 

Y\f,{i,{z))nz)dz< / n/;*(z/z)K(z)ck, 

where f** denotes the non-increasing radial rearrangement of fj. 

Proof Define /,(x|t) = /,(x + bjt). Then /j(-|0) = /, and //-ll) = /.**. It is 
therefore natural to study 

^(0= / f\f,{l,{z-)\t)K{z)dz = X^{Kf\[]s^{t)), 

where Sj{t) = {/j(-|0 = 1} = {z\i>j - Cj < Zj(z) + b^t < bj + Cj] and K stands also 
for the set of which K is the characteristic function. The set 

C = {z e K^+^l - < Z/z) - Z5jZ„+i < c^, j = 1, . . . ,n, (zi, ...,zJ&K} 
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Figure 5.2: Reduction of the number of intervals 



is given by n + 1 conditions each of which defines a balanced convex set, so that it 
is balanced and convex. Furthermore, 



cnK+i = i-t} = i^nps/t) 



regarded as subsets of R™. By Corollary 5.5 A„(C n {z^^^ = 1 — t}) grows with t. 
This implies /(O) < /(I). □ 

This result extends to arbitrary functions and yields the rearrangement inequal- 



ity due to Brascamp, Lieb and Luttinger [ BLL74 1 . It contains the Hardy-Littlewood 



and the Riesz rearrangement inequalities as special cases. 

Theorem 5.7. Let fp j = l,...,n be positive functions on R, K a Steiner convex 
function on and Ij some linear functions. Then 

]~[//Z/z)K(z)dz < / ]~[/;*(Z/z))i^(z)dz. 

' j=l j=l 



Proof. We use the identity 



s=0 



ids 



roo 

/ i,*;>,jds with g=/j,if. (5.8) 

J s=0 



By monotonous approximation it is sufficient to prove the theorem in the case that 
K is the characteristic function of a balanced convex set and fj are characteristic 
functions of some sets A^ . Again by monotonous approximation may be assumed 
to be bounded, then open, then finite unions of intervals. 

Write /j = X/c/j.ic) where are characteristic functions o f {b^j ^ — Cjj^, bjj^ + Cjj^) 



and (. + Cj ^. < Z'j,;t+i — c^.^^+i- The proof of Proposition 
combination of functions /j_t(x|t) = + bjj^t) individual 



5.6 



applied to each 



ly shows that 



^^f)= / ni]/Ma;(z)it)i^(z)dz 



}=1 k 



is monotonously increasing in t. Since = f*l, there exists a smallest tg 

such t hat t he supports of some /j_;t(-|to) and /j_;t+i(-|fo) touch each other (see 
Figure 5.21. At this point, replace fj by 2fc/j,fc('ko) ^^d reiterate. Since the 
number ot the pieces fj ^. d ecreases with each step, at some point one arrives in the 
setting of Proposition [5I6] □ 



Chapter 6 

The Hardy space 



It turns out that can be replaced by the (strictly smaller) Hardy space for 
purposes of complex interpolation which facilitates proving endpoint estimates. 
There exist various equivalent definitions of the Hardy space H^. We follows 



here Stein's exposition in [ Ste93 1 with modifications due to Meda, Sjogren and 
Vallarino [ MSV09 1 . The most convenient characterization for the task of proving 
the boundedness of an operator/rom the Hardy space is by atomic decomposition. 
The latter depends on a parameter 1 < q < oo. The flavor obtained if q < oo is 
particularly adapted to the task of identifying BMO as the dual space of H^, while 
q = 00 yields a formally stronger characterization which is useful for interpolation. 
Unfortunately, the equivalence of spaces obtained for various q is not evident 
(although one inclusion is, for every pair of q's). A detour through a maximal 
characterization of H^, which is given here as the definition, is needed. 

The choice of the maximal function below is fairly arbitrary and we use the one 
which is tailored to our needs. Let b > 1 and $i be the set of smooth functions with 
support in B(0, 1) and C^-seminorm bounded by a constant. The corresponding 
non-tangential grand maximal function is defined by 

J^fM = ^^^,,fM= sup |a*</)t(y)|, 

<p€ii,t>0,\y-x\<bt 

where (p,(,y) = t-"(p(,y/t). 

Definition 6.1. The Hardy space H^(R") is the space of functions / on R" such 
that 

|„i := WJ^fWi < 00. 



We remark that is dominated by 

Jl^j{x)= sup |a*0t(x)|, 

1^16$, t>0 

where $ denotes the set of smooth functions with C^-seminorm bounded by the 
same constant as before but this time with support in B(0, 1 + b). This is evident 
since t-^c^^ = i'^yit^^t- 

6.1 Atomic decomposition 

Definition 6.2. Let 1 < q < oo. A {\,q)-atom is a function a on K" such that 
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1. supp a c B for some ball B c R", 

2. ||a||,<|B|-i+i/9, 

3. X,a = 0. 

Abusing the notation we sometimes write supp a for a ball satisfying the above 
conditions. 

Definition 6.3. The space H^j'' consists of all functions / e which admit a 
[l,q)-atomic decomposition, i.e. 

/^^A^a^, (6.4) 

j 

where are (l,q)-atoms, is an absolutely summable sequence and the sum is 
taken in sense. The norm on this space is given by ||/|Li,9 = inf Y]. where 
the infimum is taken over all decompositions (6.41. 

Since every (l,q)-atom is also a (l,oo) atom, we see that H]f° c H^j' with 
contractive inclusion for every 1 < q < oo. 
Next we relate the spaces h]^ and H^. 

Proposition 6.5. We have that \ \^^f\\i < Cq\\f\\^i.q for every f e H^f. In par- 
ticular, \\^^a\\i < Cqfor every {l,q)-atom a and there is a continuous inclusion 

h'J^h\ 

Proof. Let / e H^j', / = Xij '^j'^j atomic decomposition, t > and ^ e 

Then (j)^ e L°°, so that 

4't*f = ^■^jC'/'t * "2;) pointwise everjwhere, 

i 

because | la^ 1 1 j < 1 for every ; by the Holder inequality and the atomic decomposi- 
tion converges in L^. Therefore 

Jl^fix) = sup sup |0t * /(x)| 

t>0 (^€$1 

< sup sup V|A^||<^t*a/x)| 
t>0 i^)e$i "~ 



< V|Aj|sup sup |</)t*a/x)| 

■~ t>0 <#>€*i 

= ^|Aj|^4,aj(x). 



Taking first the norm and then the infimum over all atomic decompositions we 
see that < H/H^ii sup^ \ \.Ji(^a\\i, where the supremum is taken over all 

(l,q)-atoms. 

We will now give a uniform estimate for ||^$a||i. By translation invariance 
we can assume that supp a c B(0,R). We split 

= / ^4,a(x)dx-|- / .^$a(x)dx = /i + /2 
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and estimate the two terms separately. In the first term we estimate in terms 
of the Hardy-Littlewood maximal function as 



^^a[x) < sup 



|a(y)<^tU-y)|dy 



<Csupr"/ |a(y)|dy 

t>0 iB(x,t(l + b)) 



(6.6) 



< CMa(x). 

By the Holder inequality and the Hardy-Littlewood maximal inequality (Theo- 
rem [l]29]l, 

I, < CR"/«'|U^a||, < CR"/«'||Ma||<, < CR"/'''||a||, < C. 

In the second integral we use x > 2R and suppa c B(0,R) to exclude integrals of 
products of functions with disjoint support from definition of to infer 

^4,a(x) = sup |a*(^t(x)| 

<p€i,t>0 



= sup 

<^e*,t>(|x|-J?)/(l+b) 
= sup t" 

(^€4>,t>(|x|-R)/(l+f)) 

< sup t~ 

(^€*,t>(|x|-J?)/(l+b) 

< C sup Rt~ 

t>(k|-R)/(l+b) 



B[0,R) 



B(0,R) 



a(y) -sup|V(/)| dy 



B(0,R) 



|a(y)|dy 



< CR((|x| -R)/(l + b)r"-'l|a(y)ll,|B(0,R)| 
<CR|xr"-\ 



i/q' 



Inserting this into the integral yields 
I2 < CR 



-n-l 



dx = C. 



□ 



'\B(0,2R) 



Hence we have Hlf° c Haj' c for every 1 < q < 00. The next proposition 
shows that these inclusions are in fact equalities. The required properties of the 
Whitney decomposition are summarized in SectionlSTTl 



Proposition 6.7. There exists a canonic continuous inclusion c hIi°°. 

More precisely, there exist constants c^ < c' < 1 and iV e N such that for every 
f there exists an atomic decomposition 



meZ.j 



m,j 



such that the following holds. 



1. Every b "^ is a function supported in a ball with center x^™^ e O^'") := {^f 



> 



2™} and radius c.d"', where d 



(m) 



^distCxj^^Cof'")), 
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2. every bj™^ is bounded by C2'", where C is a universal constant, 

3. the functions aj™'' := (^■^^'"''j b^"'^ are (l,oo)-atoms. 



C'2'"(d['"^)", where C is a universal 



4. the coefficients are given by ?ij 
constant, and satisfy 

where C is a universal constant, 

5. for a fixed m the balls B(xj'"'', c^'dj") enjoy a bounded intersection property with 
constant N which does not depend on f and m. 

Moreover, if f is continuous, then every atom aj'"-' is continuous. If f & for 
some 1 < p < oo, then the decomposition converges in L^. 

Proof. The function ^/ is the supremum of continuous functions and thus lower 
semicontinuous. The sets o'-"^^ are therefore open. For each O^""^ let be the 

corresponding Whitney decomposition given by Proposition 6.38 for some fixed c 
and c', so that in particular O'^'"^ = U^^jwEiXj, c'dj'"^), where d}^= dist(Xj, Co^™^). 

The superscript ^'"^ will be reserved for objects associated with the decomposition 
of 0^'"^ 



Partitions of unity Let c' < c" < 1, take a smooth cut-off function xp with values 
in [0,1] supported on B(0,c") and identically 1 on B(0,cO. Denote by xjj'^J^^ 

the dilate of this function supported on b]""^ := B(x^,c"dj'"'). Then \ViJ)f'^\ < 

For fixed m, the balls B^'"-' have the bounded intersection property with constant 
N' by (W4l. Therefore, and by covering property (W2 1, 



k 



satisfies 1 < < N' on o'^"'\ Thus the partition of unity 



is well-defined. Furthermore, if Jq denotes the subset of J for which Wk^j 
vanish, then 



SCCdJ^^i + c^CdJ"^)-' 



(6.8) 



< c(dj'"^)-i. 



The last inequality is justified by the bounded intersection property (W4l, which 
ensures |Jo| < N', and the comparability of the radii ( W3 1. 
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We also need some properties connecting the partitions of unity (m) and (m+1). 
Since suppip'j^'^^^ c o^"^'^^^ c o'""^ for every k, we have the splitting formula 

^('"+i) = 2^W^r"- (6.9) 

j 

The estimate (|6.8p readily implies 



Since the left-hand side is non-zero only if B[xj,c"d^"^^) and B[xi^,c"d^'''^^) inter- 
sect, ( W3 1 applies and we conclude that 

|Vi/^5'"Vl'"^'^l < C(df (6.10) 

Now we proceed as follows. In the first step we decompose / dyadically according 
to its magnitude using the fact that ip^J"-' is the characteristic function of o'-'"\ In 
the second step we decompose further into functions with support in balls provided 
by the Whitney decomposition. This is helpful because the size condition on an 
atom becomes less severe as the supporting ball shrinks. While doing so we have 
to pay attention to the cancellation property, i.e. that every term in the resulting 
sum must have mean zero. This is what the weighted means take care of 

Decomposition by size Consider the weighted mean 



(m) 



The denominator may be estimated from below by \B[x'^'"\ cdj™^)! = C(dj'"')". To 
estimate the numerator, observe that \p^^\x) = 4> C ^m) ) for some smooth test 
function such that \\4>\\ci < C by (|6.8|). Recall that (/)t(x) = t~"4>[x/t). Thus 



ftl)) 



given that dist(y,xj'"'') < bdj'"-', where b is the non-centrality constant of By 

the assumption b > 1 and by definition of dj'"-' there exists a y ^ O^"^^ that satisfies 
this condition. Since then Jlf{y~) < 2™, we have 

, , C(d^'"^)"2'" 

c'"^< = 02"". (6.11) 

} (dj-"^)" 

Since {ip^l"^}j is a partition of unity on 0'-"'\ we can decompose 

f=fX,oO.'^+J]fi'f 
j 
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By the choice of Cj every summand in the second term has mean zero. Furthermore, 
the second summand is supported on o'-"'\ By the Chebyshev inequahty, |0'^'"-'| < 
2"'", and therefore 

gCm) _^ j: pointwise a.e. as m ^ +oo. 
On the other hand, we have the bound 

|g'^'"^| < C2"' uniformly as m ^ -oo. 
The combination of both asymptotic expressions yields 

M-l 

/= lim gW-g(-A^)= lim y (g^^+i^ - gt-")) pointwise a.e. (6.12) 

m=-M 

The terms of this series are given by 

_ gin., ^ _ _ _ 

;" k 

In this sum the terms fip^^'^^-' and fip^"^^ cancel out whenever > 2'""''^, the 
remaining terms are bounded by C2"' and the mean value is zero by the definition 

of C; . 



Decomposition by support Now consider the weighted mean 



, (m+l) 



Analogously to the estimate for cj'"'' but using ( 6.10 1 instead of ( 6.8 1 we obtain 

(6.13) 



J,k — 



Since c?"'*'^'' are weighted means themselves, we have that 



m) 



I (m+l) 



by (|6.9|) and the definition of c^"'"''^'', respectively. This fact and (|6.9|l allow us to 
expand gi^^+i^ - g('") as 



i k 



Ijirn+l) 



f ( ('") I 1 X"" / (m+l) i (m) ( (m) i X"" f (m+l) ; (m) , ,(m)^ , (m+l) 
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The term in the square brackets (let us call it bj^b has mean zero as may be seen 
in the next to last line by the definitions of cj™'' and dj™-*. 



Note that 7^ only ifB{x^"'\ c"dj'"^)nB(x^ 



(m+l)^^„^(m+l)^^0_ This 



is also a necessary condition for dj'^'' ^ 0. Property ( W3 1 implies that d 



,(m+l) 



< 



ii^dj"^ and thus suppi/;^'"+'^ c BCxJ'^ c"(l + 2i±^;)d}^). 

Hence b^^'"' is supported inB(xj'"\c,dj'"^), where c, := c"(l + 2i^). The latter 

constant becomes less than one if we chose c" < ^/5 — 2. Then ( W4l ensures that 
the sets B(xj'"-', c^'dj""-*) enjoy the bounded intersection property with a constant N 
which is independent of / and m, whichever Cj < c' < 1 we chose. 



Since (l - "^k"^^^) <^he characteristic function of Co'^'"+i\ by (6.11 1 and 



by (6.131 we have |b] -"I < 02™ a.e. The series (6.12 1 becomes 



dm) 



f 



m,j 



m,j 



C2"'|d{'"^|"" 



The latter fractions are (l,oo)-atoms. Since, for every m, the balls B(Xj^'"\cdj'"'') 
are disjoint by |wi| and contained in O'^™^, we have that 



dx 



\^m€Z:2"'<.^/(x) 

< 2C / ^/(x)dx 
= C|U/||i. 
We now turn to the additional assertions. 



LP convergence Suppose that f gLP. By the bounded intersection property of 
the supports we have that \ b^^^\ < CNxoi'n). This implies the pointwise estimate 

m,j 



By the non-centered Hardy-Littlewood maximal inequality (Theorem 1.291, the 



latter function is in L^, and convergence of the atomic decomposition in follows 
from the dominated convergence theorem. 



Continuity of atoms Now let / be continuous. We will show that under this 
assumption every atom aj™^ is continuous, or, equivalently, that every function 

k 

is. The continuity of the first term is clear. In the second term the number of 
non-zero summands in a neighborhood of every interior point of o'^'""''^-' is bounded 
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by a constant N' provided by ( W4 1 applied to the balls {Bix'j^^'^\ c'"^'""^^^)};^ with 
c" < c'" < 1. Hence the term is continuous inside o'^'"+^\ Since the term vanishes 
outside o'^'"'^^\ it suffices to show that 

h = ((/ - c^'"^'^)!/.;.'"^ - 4:^) ^^-"^'^ ^ as fc - 00 

uniformly for fixed m and j, because by the bounded intersection property this 
implies that the sum of these terms declines to zero towards the boundary of 

Q(m+l)^ 

Since c^"'"''^'' < 02"^ = C and is a smooth function with compact support, 

is a uniformly equicontinuous family of functions (parameterized by k) . Since the 
diameter of the support of ip^^'^^'' shrinks to zero as fc ^ oo and 



d 



we indeed have that h^^Oasfc^oo. □ 



6.2 Finite atomic decomposition and extension of operators 

It is not true, in general, that a linear operator T which is defined on the subspace 
of generated by the (1, oo)-atoms and u niformly bounded on the (1, oo)-atoms 



is continuous with respect to the norm [ Bow05 1 . 

We discuss two possibilities to treat this non-extension problem. One of them 
[ MSVOSP consists in choosing an even smaller initial domain of definition, while 



the second [[CW77 Theorem 1.21] requires an additional L'^-continuity hypothesis. 

Denote by F^'°° the vector space algebraically generated by (l,oo)-atoms. A 
natural norm on F^'°° is given by = inf^^^]' a a 2j l^jl where the infimum 

is taken other all ^nite atomic decompositions. 

To say that ||ra|| < C for every (l,oo)-atom a is equivalent to saying that T 
is continuous in the F^-°° norm. However, as the following example of Y. Meyer 



[MTW85 5.6] shows, this norm is not equivalent to the H^ norm. 

Let {Bj}j be a dense countable collection of disjoint open balls contained in 
Bj (0) and let / be a function such that / = 1 on half of each ball , / = — 1 on the 
other half and / = everywhere else. Then 1 1/ 1 Ihi \Bj\, since the restriction 
of / to each Bj is a multiple of an atom, but ||/||fi,oo = |Bi(0)| is a constant. To see 
that observe that |B;^(0)|~^/ is an atom. On the other hand, given any finite atomic 
decomposition / = A^^aj. with supp a^. = A^^ one can write 



The latter function is piecewise constant and bounded from below by A^^a^ = / . 
Since / = 1 on a dense subset of Bi(0), we obtain Xijcl^fcl — l^iCO)!- Letting 
|Bj | go to zero we see that the H^- and the F^'°°-norm are not equivalent on 

Nevertheless the two norms do coincide on the space of finite linear combina- 
tions of continuous (1, oo)-atoms. 
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Proposition 6.15. Let f eF^'°°nC(R") be such that \\Jlf\\x = 1. Then there exists 
a finite decomposition f = - ^j0.j, where Qj are (1, o6)-atoms and \Xj\ < C. In 
particular, the F^'°°- and the H^-norm are equivalent on F^'°° n C(R"). 

Proof. Recall that we can chose the decomposition 

m j ^ j 

provided by Proposition 6.7 in such a way that suppb^""-* c o'^'"-' and that the 
bounded intersection property (W4I applies, so that each sum b^"^^ is pointwise 



finite with a bound on the number of non-zero summands which is uniform in / 
and m. Taking into account the estimate < 02"^ we see that 



El"! 



'"^|<C2'" and ^ ^ I b ■'"^ I < C.^/ pointwise a. e. (6.16) 

m j 

Assume without loss of generality that supp/ c B(0,R) and recall from the 



proof of Proposition 6.5 that .^/(x) < CR"" for |x| > 2R, i.e. O^'"^ c B(0,2R) for 



m > m', where m' is the integer part of log2 CR Hence 

supp Y,b]"'^^B[0,2R), 

m>m' j 

so that g(-'+" = Y.m<,n' =f- T.n.>m' 2; Supported in B(0, 2R) as 

well. Since |g^'"'+^^| < C2"'' < CR"", the function g^-^'+D is a bounded multiple of 
an atom. Since / is uniformly continuous, (/ — c^^ uniformly as 

j 00. Analogously to the continuity of b^""-* this implies that g'^"''+i) is continuous. 

Since / is bounded, ^f is bounded as well, so that there exists an m" such 
that O'^'"^ = and b^""^ = for m > m". For a given e > let 5 > be such that 
/ varies by at most e on every ball of radius 5. Let also ^ = {(m, j) : m' <m< 
m" and c"'dj'"'' > 5}. By ( Wl I and because the sets O'-'"^ have finite measure, the 
index set ^ is finite, so that 

/ = g('"'+i)+ ^5™^ + leftover 

(m,;)e/ 

is a finite decomposition. Furthermore, the "leftover" is bounded by 

(JV' + l)JV(m" - m')e, 



where iV' + 1 is the bound on the num ber o f summands in ( |6.14| ) which do not 
vanish at a given point. By Proposition 



6.7 



we have that = pSj^-' a'^"'\ where 
a^™^ are atoms and 2m 2 j < C". Since the "leftover" can be an arbitrarily 
small multiple of a (1, oo)-atom, the conclusion follows. □ 

We observe that f n C(K") is dense in H\ To show this we use the (l,q)- 
atomic characterization of with 1 < q < oo. It is sufficient to approximate a 
(l,q)-atom a by continuous functions with compact support in the H^^'^ norm. Let 
((^g)^ be an approximated identity associated with a function with compact support. 
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Then 0^*0— »ainL'' ase— »0 and supp 0^*0 is contained in an arbitrarily small 
neighborhood of supp a. This clearly implies 0^ * a ^ a in H^. Since </)g * a is a 
continuous function with compact support for every e, the conclusion follows. 

Therefore a linear operator T defined on F^'°° n C(K") and bounded uniformly 
on atoms (i.e. such that ||ra|| < C for every continuous (l,oo)-atom a) extends in 
a unique way to a continuous operator on H^. 

We now turn our attention to the case of an operator defined on F^'°° and 
continuous with respect to an L' norm. 

Theorem 6.17. Let 1 < q < oo, D (Z H^ DL'^ be a subspace which contains F^'°°, X 
be a Banach space and T : D X be an operator such that ||ra||;f < C for every 
continuous atom a and \ \Tf\\x < C\\f\\qfor every f e D. Then T admits a unique 
extension to a continuous operator from H^ to X and this extension is continuous 
with respect to the norm on H^ n L'^. 

Proof. The uniqueness of the extension follows from the fact that F^'°° is dense in 
H\ 

A characteristic function of a bounded set can be easily approximated in L'^ by 
multiples of (l,oo)-atoms. Therefore the space f is dense in L'^. Extending T to 
an operator on n by L'-continuity we may assume D =H^ flL''. It suffices to 
show that T is continuous in the norm. 



Let / e n L'^. By (6.61 and the Hardy-Littlewood maximal inequality (Theo- 
rem 1.291 we see that \\^ f\\q < C\\f\\q. Let / = Xjaj be the atomic decompo- 
sition given by Proposition |6.7[ By the additional conclusion of that proposition 
this series also converges in L^. Hence, given e > 0, there exists a (finite) partial 
sum / = X'j ^j^j such that ||/ -/|Ihi < e/2 and ||/ -/||, < e/2. Since the hIi°°- 
and the H^j'^-norm are equivalent and using the approximated identity as above 
we can approximate each aj by a continuous function simultaneously in and 
L«. By doing so we obtain an / = Xij ^j^j ^ ^ C(R") such that ||/ -/ ||hi < e 
and 11/ — fWq < e. Therefore, since the H^- and the F^'°°-norm are equivalent on 
Fi'°°nC(R"), 

\\Tf\\x<\\Tf\\x + m -nwx 

<\\T\w^x\\f\y:- + m\Lo^x\\f - f\u 

<C||/||„i + Ce 

<C(||/||„i + ||/-/||„0 + Ce 

<C||/||„i + Ce. 

Since e is arbitrary and the constants do not depend on e, the operator T is 
continuous on D with respect to the norm. □ 

A useful variant of the preceding result regards operators with values in function 
spaces. 

Theorem 6.18. Let be a a-finite measure space, 1 < p, r < oo, 1 < q < oo, 

D c n L''(R") be a subspace which contains F^'°°, and T : D ^ LP n L'ln) be 
an operator such that ||ra||p < C for every continuous atom a and \\Tf\\^ < C||/||q 
for every f e D. Then T admits a unique extension to a continuous operator from 
H^(R") to LP[n) and this extension is continuous as an operator from H^ n L'*(R") 
endowed with the L'^ norm to L'\Q.). 
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Proof. As before, we may assume that D = H^ <1 L''(R") and that 

T:[F'-^nC(Rn,\\-\y)^LP[n) 

is continuous. We only need to show that T is continuous with respect to the 
norm on the whole space D. 



Let f & D. By the proof of Theorem 6.17 there exists a sequence c 



pi.oo PI (j(j^n-^ which converges to / both in the H^- and in the L'-norm. By the 
continuity in the L'^ norm we have that Tfj Tf as j ^ oo in L''(r2). On the 
other hand, {fj)j is a Cauchy sequence with respect to the norm, so that {Jfj)j 
is a Cauchy sequence with respect to the norm. Since the L^- and the L'' -limit 
must coincide, T/, Tf in 1^(0) as well, which proves the H^K") LP{n) 
continuity. □ 



6.3 BMO, the dual space of 

The abbreviation BMO stands for "bounded mean oscillation". As we shall see, 
it does not matter much how exactly we compute the "mean". However, for the 
moment we have to distinguish between various possibilities. 

Definition 6.19. Let 1 < q < oo. The q-mean oscillation of a function / over a ball 
B is given by 



mo„(/,B): 



1 

\B\ 



\B\ 



n 1/9 



To shorten the notation we will write in place of J^. 

Definition 6.20. The space BMOg is the quotient of the space of functions for 
which 

II/IIbmo„ =supmo (/,B) 

B 

is finite (where the supremum is taken over all balls B c R") modulo the constant 
functions. 

Given a function in BMOg, we can easily construct from it other functions with 
bounded mean oscillation. 

Proposition 6.21. Let B Cg be a complex-valued function on the space of all balls 
in K" and f a measurable function on K". Assume that 



A= sup I f\f -cs\^ 
B yjB 

Then/GBMOq and ||/||bmo, < 2A 
Proof. By Holder's inequality we have 



< 00. 



-ff-cs <hf-cs\<(-f\f 
Jb Jb vJb 



l/q 



and thus by the Minkowski inequality 



mo^{f,B)=i^jj -Cs + CB-jj j <2(^j^\f -cs\'y\ 



□ 
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x) 



Thus we see that replacing balls by cubes (or other comparable shapes) in the 
definition of BMOg we obtain the same space with a comparable norm. 

Proposition 6.22. Let b e BMO^ and identify it with an arbitrary representative 
of the equivalence class. Let P be a contraction on C. Then P o b e BMO^ and 

ll^'°b|lBM0 <2||b||BM0„- 



Proof. Since P is a contraction, we have 

p(Kx))-p 



q \ 1/q 

dx 1 < 



Kx)- 



q \ 1/q 

dx <||b| 



BM0„J 



for every ball B and the result follows by Proposition 6.21 



□ 



Corollary 6.23. Let b e BMOq and fix a representative for it. Define a family of 
functions parameterized by a > by composition with projections onto the disc of 
radius a as 

'b(x), |b(x)|<a, 



KM = P„(b(x)) : 



ab(x)/|b(x)| otherwise. 



Then b„ e BMO, and ||ballBMO, ^ 2||b||BMo,- Furthermore, \b\ e BMO, and 
III^IIIbmo, — 2||i'|lBM0,,- 

Now we come to the proof of duality between and BMO. 

Proposition 6.24. For every I <q<oo, the dual space ofH]^ is BMO^/. The dual 
pairing is given by 

^ ^ ^ (6.25) 

and the value of the series is independent of the choice of the atomic decomposition 
and the representative of the equivalence class b. 

In particular all the spaces BMO, for 1 < q < oo are identical up to norm 
equivalence. 

Proof. Since (l,q)-atoms have mean zero, the value of the integral / ajb does not 
depend on the choice of the representative of b. For the same reason 



ajb 



Qj I b • 



<IKII,|B; 





b--/- b 



Here Bj is the ball containing the support of a^. Hence the series Xj-^j/ '^j^ 
converges absolutely. 

To show that its value does not depend on the atomic decomposition it is 
sufficient to show that if A^a^ = 0, then also Xj J ajb = 0. If b is bounded, 
this follows immediately by the dominated convergence theorem since \?^j\\aj \ G 
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L^. Otherwise consider the bounded functions By the definition of the BMOq/- 
norm, b & L'' (Bj) for every j and b^, ^ b as a ^ oo in I'' (Bj) by the monotone 
convergence theorem. Since Uj e I''(Bj), this imphes 



J ajb^^ J ajl 



Since / ajba< HballBMo / ^ 2||b||BMo we may apply the monotone convergence 
theorem to the series and we obtain 



^^^^i j ^j^cc^^^jj ajb as a- 



' 00. 



Therefore every b e BMOq> defines a unique bounded Unear form on Hgt'^. For the 
converse, restrict the problem to the case 1 < q < oo first. 

Let i e (Hl^y. For every ball B we can define ^ = L'^'iB) by 



JB 

Since (/ - /b/)/(2||/||-i«/«) is a (l,q)-atom. Hence Wi^W^, < 2\B\-^+^IW\\ and 
we have that 

m= [ aiB, i{f -S n=ig{s)= f fiB-h [ ts 

J B J B J B J B J 

for every atom a supported in B and / e L'^{B), respectively. The latter identity 
implies that 

iif-XB-ff)= [ ff-B-if [ Ib= [ fic--ff [ k 

Jb JB JB JB JB JB JB 

for every ball C D B and every / e L'(B) c L''(C). This may be written as 

0= jj[iB-^C-ji^B-^c))- 

Since / is arbitrary, we have that 

JB 

i.e. that the two functions differ by a constant. Since any two balls are contained 
in a greater one, we see that 

bix) := iBix) - jjB, xeB 

is well-defined. Furthermore, for every ball B, 

f^(^&W + _^^By dx] <2|B|-i+i/9||£||, 
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so that 



verges in hI^^, we have 



— 4||£|| by Proposition 6.21 Since the series / = 



£(/)= Hm y^jl[aj) : 

j<N 



■ Hm > A, 

;"<N 



ajb. 



Hence BMOq' = (H'^)' with equivalent norms for every 1 < q < oo. By the first 
part of the proof we have also BMOj c (H^)' with continuous inclusion. On the 
other hand, BMOg' c BMOj since contractivity of this inclusion follows by Holder's 
inequality from the definition of BMO^/ . Summarizing, we have 



BMOi c [Hli°°y = (H^)' = (H^'t'')' = BMO„' c BMOj. 



□ 



Henceforth we will call BMO the dual space of H^ and keep in mind that 
BMO = BMOq for every 1 < q < oo. 

The best-known example of a function which lies in BMO(K") but not in L°°(R") 
is probably/(x) = log|x|. The fact that it lies in BMO follows immediately from 
the next lemma taking Cq = maxq / . 

Lemma 6.26. Letf be a measurable function on K" and let b > 0, B > be constants 
such that for every cube Q c R" there exists a Cq e R such that for every s > 



\Qn{\f-c^\>s}\<Be-'^Q\. 



(6.27) 



Then f e BMO(R"). 



The converse, namely that / e BMO implies (6.271 with Cq = /q/, is known as 
the John-Nirenberg inequality. 



Proof Fix a cube Q c R". Then 

\f-Cn\ 



\Qn{\f -c„\>s}\ds 



< 



Be-^'\Q\ds 

s=0 

= B/b\Q\. 



Proposition 6.21 implies ||/|Ibmo ^2B/b. 



□ 



6.4 VMO, a predual of 

We now consider functions for which the oscillation over ever smaller balls not 
merely stays bounded but converges to zero, hence the name VMO, or "vanishing 
mean oscillation". For technical reasons we shall use a less direct definition. 

Definition 6.28. The space VMO is the closure of the space Q of continuous 
functions with compact support in the space BMO. 

We shall need a functional analytic lemma. 

Lemma 6.29 (Goldstine). Let X be a Banach space. Then, under the canonical 
identification ofX with a subspace ofX", the unit ball Bx is a[X" ,X')-dense in Bx". 



6.4. VMO, A PREDUAL OP H'^ 



85 



Proof. Given a t/i e Bx" and a finite dimensional space W c X' it is a matter of 
linear algebra to find an x e X such that xp\y^ = x\y^. Let now Y = n^gy^^kerc/). 
Assume that x + Y flBx = 9. Then dist(x, 7) > 1 and by the Hahn-Banach theorem 
there exists a ^ e X' such that cply = 0, <^(x) > 1 and \\4>\\x' = 1- Then (j) &W 
and 

l<0(x) = <||t/)||;,.||<^||;,,<1, 

a contradiction. Therefore the affine subspace x + Y contains an element with norm 
at most 1. This element coincides with ip on W. By definition of the a[X",X') 
topology we are done. □ 



Proposition 6.30 ([ CW77 Theorem 4.1]). The Hardy space is the Banach space 



dual o/VMO. The duality is given by ^6.25 \. 

Proof. Proposition [6]24] provides the canonical maps 

H^^BMO'^VMO'. 

Since Q separates the points of and is a subspace of L^, the space VMO 
separates the points of H^. Therefore the canonical contraction u iH^ VMO' is 
injective. 



By Lemma 6.29 the unit ball B^i is o-(BMO', BMO)-dense in Bbmo'- Hence the 
Hahn-Banach theorem implies that the set (-(5^0 C7(VM0', VMO)-dense in Bvmo'- 
If we can prove that the completion of iCBhO in the (t(VMO',VMO) topology is a 
subset of t(H^), then we obtain the set-theoretic equality t(H^) = VMO', and the 
norm equivalence follows from the closed graph theorem. 

Since (Q(K"), || • \ \^) is separable and the inclusion into BMO is continuous, 
the space VMO is separable. Therefore the o"(VMO', VMO) topology is metrizable 
and it suffices to show that every sequence [f ^ contains a cr(H^,VMO)- 
convergent subsequence. By Proposition |6.7| every ff. can be written as 

fk = 'y,^k,l^k,h 

I 

where a^j are (l,oo)-atoms and ;| < C. Spending a multiplicative constant 

in the last inequality we may assume that every aj. ; is supported in 3Q, where Q 
is some dyadic cube. Combining the atoms supported in the same cube we may 
equally assume that suppa;^ ; = 3Q;, where (Q;);^^ is a fixed enumeration of the 
dyadic cubes. 

Passing to a subsequence we may assume that oj. ; a; in the a(L°°,L^) 
topology and A;^,; ^ A; as fc ^ oo. Then a; are (l,oo)-atoms, |A;| < C and 
/ •= Xi; ^I'^i ^ Let now v e Q. Then \\v\\i < oo and v is uniformly continuous. 
The former property implies that (a, v) ^ as | suppa| oo (and thus ||a||oo 0) 
uniformly for all atoms a, while the latter shows that (a, v) ^ as | suppa| 0, 
again uniformly for all atoms a. Furthermore there are only finitely many "medium- 
sized" dyadic cubes Q with a given upper and a lower bound on the edge length 
such that 3Q intersects supp v. Upon an appropriate choice of the bounds we obtain 

{fk,v)= ^ {a,,j,v) + ^ X,,i{ai,,,v)+ ^ 

l:Qi small ^ t.Q, mid-size ^ 

where the middle sum is finite. Therefore {fk,v) (/> • By a 3e argument we 
see that ^ / in the o-(H\ VMO) topology □ 
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6.5 The sharp function and the inverse inequality 



We now turn to interpolation between and spaces. We take the detour [ FS72 1 
across dual spaces and use Fefferman's sharp function /' to reduce statements 
about BMO to statements about L°°. To make use of results in term of the sharp 
function we will need an estimate for / in terms of fK 

Definition 6.31. The sharp function is defined by 

/»W = supmoi(/,Q). 

x€Q 

It is clear from definitions that / e BMO if and only if /" e L°° and 

II/IIbmo = II/IIbmo, = II/"IIoo- 

Moreover, is bounded by 2Mf , where Mf is the usual maximal function. Hence 
the classical maximal inequality gives the bound 

||/»||,<2||M/||,<Cp||/||, 

for every 1 < p < oo. Interestingly, the inverse inequality is true as well under an 
additional qualitative assumption. 

Proposition 6.32. Let 1 < p < oo, 1 < Pq < p and assume that f e LP", f'^ & L^. 
Then 

l|M/||p<C,||/«||p. 
The bound Cp is independent of Pq and 

Proof. We use the Calderon-Zygmund decomposition of / . For each a > we find 
some cubes {Q°} such that 



a<f I/I < 2"a, (6.33) 

Jqj 

\f\<a a.e. in K" \ UjQ°^ 

and {Q^} are sub-cubes of {Q^} whenever (3 > a. Essentially, we do so by dividing 
R" into cubes on which the average of \f \ is small and then subdividing these cubes 
dyadically until we encounter some cubes on which the average is large. Doing so 
for all a at once, however, requires careful formulation. See Section [6^ for details. 



Comparison of scales Let ^4 be a constant that will be optimized later and 
M(a) = Xij |Q"|. We claim that 

< |{/" > a/A}\ + ^M(2-"-'a). (6.34) 

Let Qo = " " and consider the sub-cubes {QJjj^j^ c Qq. Then either Qq c 
{/' > a /A} and hence 

QJ c {/« > aMl for alljeJo 
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or there exists an x e Qq such that /'(x) < a/ A. Then 



->fKx)> 



f-ff 

Qo 



By (6.331 we have 



the estimate 



4 / < /o J/ 1 < 2"(2-"-ia) = a/2 and /^^ |/ 1 > a and hence 



QJ 



-IQJI < IQ- ' 



/ l/l- 


If 







< 



< 



l/l- 
l/l- 



Qo 



Qo 



Summing over Jq we obtain 

J]\Q]\<- [ f-i f 



and summation over Qq proves the claim. 



Distribution function of the maximal function Let A denote the distribution 
function of the maximal function 

M/(x) = sup/|/|. 

x€Q JO 

Since x e QJ implies Mf[x) > a by construction of QJ, we have that 

To obtain a converse estimate consider the cubes 3Q°' which have the same centers 
as QJ but the triple edge length. Let x ^ Uj3QJ be arbitrary. Then, whenever Q is 
a cube containing x such that Q n QJ 7^ 0, the cube 2Q contains QJ. Since \f\< a 
outside of U^QJ, we have 

that is, M/ < (1 + 4" a) outside of U 3QJ, so that 



A((l + 4")a)<3"/i(a). 
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LP norm of the maximal function in terms of its distribution function 

roo 

\\Mf\\l=p aP-^Xia)da 

Ja=0 

<3"p / af-V(a/(l + 4"))da 

Ja=0 

= 3"(l + 4")Psupp / aP-V(a)da. 

iV>0 ^0=0 

By ( 6.34P we can estimate the last term by 
p / a''-V(a)da 

Ja=0 

I'M I'M 2 

<p aP-^\{f^>a/A}\da+p qP-^ -nil-^-^a^da 

Ja=0 Ja=0 A 

<APp aP-^\{f^>a}\da+-2^''+^^Pp a^-VWda 

Ja=0 A Ja=o 



2 . 2'-"+^-'P f™ 
<AP\\f% + p af-V(a)da. 

A Ja=0 

Note that the latter integral is bounded by 

rN nN 

P aP-'^\{\f\> a}\da<NP-P°p aP''-'^\{\f\ > a}\da < NP- 

Ja=0 Ja=0 



■Po 



Po 



< 00 



and hence both sides of the inequality are finite. Specifying to A = 4 • 2*^""'"^-'^ we 
obtain 

rN 

p / af-V(a)da<2-4f •2f"+i^P'||/«||f 

Ja=0 ^ 

uniformly in JV and hence 

\\Mf\\p < 3"(i + ry ■2-AP ■ 2^"+i^^''ii/i|i;;. □ 



Since |/| < M/ a.e., Proposition 6.32 also tells us that ||/||p < Cp||/''||p for 
1 < p < 00. 

6.6 Interpolation between V and 

We shall now see how the Hardy space theory can be used to obtain LP estimates. 

Theorem 6.35. Let 1 < p < oo, < < 1 and I/pq = (1 — 0)/p- Then, up to norm 
equivalence, 

[L^',VMO]0 = LPo. 

Proof. Let / e L^"" be a Schwartz function and assume without loss of generality 
that WfWpg = 1. For every e > there exists an analytic representative e 
S^[LP, L°°, 5^) with norm less or equal 1 + e. Since (5^, || • IL) ^ VMO, we have 
that e ^(L'', BMO) and its norm is bounded by a constant. By density of 5^ in 
LP we obtain the inclusion 

LP" ^ [LP,VMO]e. 
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To obtain the converse consider an arbitrary function e ^(L^',VMO,L^' n VMO) 
with norm 1. The latter space is dense in ^(L'', VMO) by Proposition 2.22 and is 
a subspace of ^(L^, BMO). To rewrite the BMO boundedness property in hnear 
terms, consider measurable functions Q on R" such that Q(x) is a cube containing 
X and 17 on R" X R" such that |i7(x,y)| = 1. Let also 

Then/J(x) = supQ^ \Uz.Q,r,M\- Therefore 

WUiy.aJp < 1 14 Hp < CpWfiyWp < Cp and 

ll'-'^l+iy.Q.rjIloo — ll/i+iyHoo — ll/l+iyllBMO — 1- 

Since U^ q jj is an analytic function of z, this implies that 

and the bound is independent of Q and 17. Choose Q and 17 such that 2|[/g q^| > /j. 
The resulting function is in L^" and dominates t/g for all Q and 17. Therefore 
the dominated convergence theorem applies and 



On the other hand, /g e and p <Pe- Proposition 6.32 thus implies 

IIMU<c||/«iu<c. 

Therefore we have 

we 



Since is reflexive for 1 < p < 00, by Proposition 6.30 and Theorem 2.25 
immediately obtain 

Corollary 6.36. Let 1 <p < 00 and 0<6 <1 and l/pg = (1 - 0)/p. Then 
[LP',H^]e=LPo and [LP ,BMO]q = L^" . 

An important property of the interpolation pair (LP,H^) is the fact that the 
space of Sc hwa rtz functions with mean zero is dense in LP DH^. Indeed, by 
Proposition 6.7 we can approximate every function in LP nH^ by a finite linear 
combination of atoms simultaneously in the LP- and the H^-norm. Then we use a 
smooth approximated identity to make that linear combination smooth. 

We now give a direct proof of the fact that [H^,LP]q = LP" modeled on 
[ JJ82 1 which does not rely on the duality with BMO. Together with the preceding 
observation it enables us to use complex interpolation for analytic families of 
operators initially defined on Schwartz functions with mean zero. 

Proposition 6.37. Let f e H^R") n L^CR") besuch that \\f\\p^ = \, where 

1 1-0 

l<p<oo, O<0<1, and — = h — . 

Pe 1 P 
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Then there exists an analytic function e ^{H^ , L^) such that fo=f and 



< C. 



If in addition f e 5^(R"X then we can choose f^ e ^(^H^ ,LP ,y CiH^). 

Proof. As usual we look for a function which is merely uniformly bounded (and 
does not exhibit decay) first. 

Let / = ■ b^^-* be the atomic decomposition given by Proposition i 



6.7 



Since 



it converges both in and in L^, we can write / = ^(-^ ^^^^ bj + /, where the 
sum is finite and H/HninLP < 1- Let now 



2'»|suppb'"| 



This function is clearly analytic and bounded on S. Since 
multiple of a (1, oo)-atom, 

ll/o+,yllH^<C (2'"nsuppb7| + ||/||„. 
<CiV^(2'"no('"^| + ||/||„: 

m 

<C|U/||^^ + l 
<C||/||^» + 1 

< c. 



is a bounded 



Here we have used the bounded intersection property for supp b^"'-' a nd (6.6) 
together with the Hardy-Littlewood maximal inequality (Theorem |1.29p . Onthe 
other hand, 



\\fl+.y-f\t< 



L(m)| 



< 



(m) 



1 _ 2~Pe/P 



<c|WII^» 
< c. 
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Therefore ~ has the required property. 

If / is a Schwartz function, then we convolve every bj™'' for (j, m) e with a 
compactly supported positive smooth function (p with / </> = !. If the support of (j) 
is small enough, the bounded intersection property for supp bj'"^ is preserved by 
conclusion (jsj) of Proposition 6.7 and — (/> * is small. Since =Hlf, 

the latter assertion implies that — <^ * is small too. Hence the function 

e^^~^Vz) where 

has the required property. □ 

By density of n L'' in L^" we obtain a continuous inclusion L^" [H^, L''] g . 
The continuity of the converse mapping [H^,L^]g '-^ LP" = [L^,L^]g is clear since 
is a subspace of L^. 

6.7 Whitney decomposition 

Proposition 6.38. Let O c K" be an open set with non-empty complement and c, c' 
be positive numbers satisjying 

2c 

c+ — <1; c'<l. 

c 

Then there exist Xj e O such that 

Vyj. the balls B[Xj,cdj) are pairwise disjoint, 

W2. the balls B(Xj, c'dj) cover O, 
Here, dj = dist(Xj, CO). 



Proof. Let {xj}jf^j be a maximal collection of points for which ( Wl I is satisfied. For 
notational convenience, ^ J. 

Assume that there exists a point Xq e O \ LljB[xj,c'dj). Then, for every j e J, 
d := dist(xo,Xj) > c'dj since Xq ^ B(x^, c'd^) and do < d + by the triangle 
inequality. This combines to 

2 

cdo + cd, < c(d + 2d,) < cd(l + -) < d 
by the assumption. Therefore B(xo, cdg) and B(Xj, cdj) are disjoint, which contra- 



dicts the maximality of {x^l^gj. Hence ( W2 1 is proved. □ 



Proposition 6.39. Let c and c' be as above, c' < c" < 1 and 0^^+^ c O c R" 
be open sets with non-empty complement. Let {x^ j^gj, {Xj}j^ji+) be their Whitney 
decompositions. Then, 

W3. for each pair ofj^J, fc e such that BiXj,c"dj) r]B(_Xi^,c"d['^^) / 0, we 
have that 



< ^— d,. 
k l-c" ' 



1 + c" 
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Proof. Let j and k satisfy the assumptions. Since o'-'^^ c o, by the triangle inequal- 
ity and by the assumption that the two balls intersect, we have 



< < dist(x,-, X,) + < c'Xdj + d[+^) + d^-. 
Rearranging this inequality we obtain the claim. 



□ 



Proposition 6.40. In the setting of Proposition 6.38 for every c" such that d < c" < 1 
there exists an iV e N such that 

W4. the balls B(Xj, c"dj) have the bounded intersection property, that is, each x e O 
IS contained in at most N balls. 

Proof. Let Xq e O and Jq c J be the set of in dices / such that the corresponding 
balls B{Xj,c"dj) contain Xg. By Proposition 6.39 with O*^"*"^ = O we have that 

dj < YT^'^o for every j e Jg. Therefore dist(xo,Xj) < c"d^ < d'^z^d^ and 

B{Xj, cdj) c B(xo, (c + c") Y^^do). The volume of the latter ball is 



V ■■ 



(c + c'O: 



1 + c'' 



do- 



On the other hand, the balls B[xj, cdj) are disjoint. Again by Proposition 6.39 
have that 
below by 



have that dn < T^d,. Therefore the volume of each such ball is bounded from 

u 1-c" J 



|B(Xj,cdj)|: 



-c"d" > c 



1 + c'' 



d„"=:W. 



Since their total volume is bounded from below by |Jo|Vy and from above by V, we 
obtain that 



Uol < v/w 



fc 



+ c" 1 + c 



V 



1-c'' 



This gives ( W4 1 with N equal to the integer part of the latter number. 



□ 



6.8 Calderon-Zygmund decomposition 

Throughout this section, / e L''''(R"). Let {Q,n,v}m€i.,v€r' be the mesh of dyadic 
cubes in K", i.e. the set of cubes with edges parallel to the axes, side length 2™ and 
a vertex in 2"" v. For each a > let m„ be the smallest integer such that 

/ I/I < WfWpjQmJ-'''" = ll/IU2-'"«"/^'o < „ for all V. 

For each a, the set of cubes S„ = {Clm,v}m<m^ is partially ordered by inclusion. Let 
c Sa be the subset of cubes Q' with the property 

/ l/l>« 

and S" c S' the subset of cubes which are maximal with respect to inclusion. 
Since each increasing chain in S„ is finite, every Q' e S'^ is contained in some 



6.8. CALDERON-ZYGMUND DECOMPOSITION 



93 



cube Q" e S'^. Since the top-level cubes Qm^,v ^ ^'a ^he definition of m„ and by 
maximality, every Q^^ e S'^ is contained in a cube Qm+iy ^ S„ \ S^. Therefore 

/ l/|<2"/ |/|<2"a. 

Write {Q"} = S". Since for every x ^ u Q" there exists a sequence of cubes 
converging to x such that the average of |/| over them is bounded by a, the 
Lebesgue density theorem implies that < a for almost every such x. 

Furthermore, ii p > a, then < m„ and hence c S„ as well as c S^. 

Therefore each is a sub-cube of some Q^. 



Chapter 7 

The fc-plane transform 



Analogously to the Radon transform we consider the integrals of a function on 
R" over affine subspaces of an arbitrary dimension k. Most of the results in this 



chapter are due to Christ [ Chr84 1 . 

The case n = 3, fc = 1 furnishes an idealized model of tomography. In this 
model, the waves we use to scan the object (e.g. a brain) are assumed to travel 
along straight lines without refraction. Absorption and scattering are supposed to 
be the only measurable phenomena, and both are thought of as isotropic and linear 
(in the intensity of the wave) . With these assumptions, the relative decrease of the 
intensity of the wave is 

intensity after f 
intensity before itakenpath 

where / is some material-specific absorption coefficient, which may vary in space. 
Therefore, sending a wave with known intensity through the object and measuring 
its intensity on the opposite side, we can measure line integrals of / . If we could 
do so with arbitrary precision for every direction and use an arbitrary amount 
of computing time, we would be able to compute / easily (under reasonable 
assumptions on its regularity) . The practical problems of doing so include the facts 
that you neither want to use more radiation then strictly necessary (because it 
might destroy the object) nor to wait arbitrarily long for the results. However we 
will not be concerned with these problems regarding the inverse transform. 

Before proceeding, let us establish the notation. Let G„ j. denote the Grassmann 
manifold of fc-planes passing through the origin in R" and M„ j. the manifold of 
all affine fc-planes in R". The spaces G^j^ and M^j^ are homogeneous for 0(n) and 
the group of Euclidean transformations, respectively, and are equipped with the 
unique (up to multiplication by a constant) measures v,,^ and respectively, 
invariant under the actions of these groups. G^ ^.{x) is a translated copy of G^j^, i.e. 
the manifold of all fc-planes passing through x. 

We will use the mixed norms for functions on M„ ^. given by 



llgll,;.= ^ |g(7r + x)rdA,4x)y^'dv„,,(7r) 



1/9 



Here, Ajji is the n — fc-dimensional Lebesgue measure on the subspace tt-*" c R". 
Observe that if q = r, then ||g||q;r is just the usual norm on L''(M„ j.). 
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The space M,,^ has a natural structure of a fiber bundle over G„ To simplify 
the notation, we will often use a measurable trivialization of this bundle and 
identify M„ j. = Gj^j^ x K""*^ as measure spaces. 

The fc-plane transform of a test function on R" is given by 

^n,kfM= / /(x)dAfc(x), 7ieM„_^. 

J 71 

Again, we will be interested in estimates of the form 

\mn,kf\kr<C\\f\\p. (7.1) 

By Fubini's theorem, we have 

ll^„,fc/lloo;l<C||/||i. (7.2) 

The remaining part of this chapter is devoted to obtaining a second end-point 
estimate of the form ( |7.ip with q = r = n + 1. 



7.1 Measure equivalences 

In evaluating integrals over M,^j^, we will find it useful to transform them into inte- 
grals over K" as in [ jDru84, p. 497]. Let det(xo, . ■.,xi^) denote the fc-dimensional 
volume of the convex hull of Xq, . . . , xj.. 

Lemma 7.3. The following measures on (K")*^"*"^ are equivalent up to a constant: 

dA^(xo) . . . dA^(xt)d//„_^(7r) = C det(xo, . . . , x^f~"dX„ixo) . . . dA„(x;,). 
Here, A„ denotes the k-dimensional Lebesgue measure on the ajfine hyperplane n. 

Proof. Observe first that, disregarding sets of measure zero on both sides, there 
is a natural bijective correspondence between {(ti e M„^,Xo e n,...,Xf. e n)}, 
the fc -I- 1-th power of the tautological fiber bundle over M„ j., and {(xq, . . . ,X;^)} = 
]gnx(fc+i) y^ji^Yi this identification, the measures are absolutely continuous with 
respect to each other, so that 

dA^(xo) . . . dA^(x^)d/i„ ,t(7r) = CJ„_^(xo, . . . , X;t)dAnUo) ■ • ■ dA„(xfc). 

The problem is now to find J„ j.. In case fc = there is nothing to prove. 

If fc = 1, observe that the measures on both sides are invariant under the action 
of Euclidean transformations. Thus, J„ ^ must be a Euclidean invariant of the 
simplex (xq, x^), so that it is a function of |xo — x^ | . By homogeneity with respect 
to rescaling of the coordinates, one sees that in fact J„ j = C\xq — Xj |^~", so that 
the lemma is proved for fc = 0, 1. 

For fc > 1 this approach does not work because there are multiple Euclidean 
invariants for a fc-simplex. So we use induction on fc. 

If v„ j.^^ denotes the measure on j-C^o)) then 



dA^(xo)dM„_;t(7i:) = Cdv^j^,,^[n)dxo 



(7.4) 
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since both are measures on the tautological fiber bundle over invariant under 
Euclidean transformations. Furthermore, if Hi^^k-i,Ti denotes the measure on the 
manifold of affine hyperplanes contained in n, then 

dist(xo, 0)^'^-"-''d/x,,,_i,,(0)dv„_,,,/7r) = C dist(xo, 0)^'^-"-"dM„,fc_i(0), (7.5) 

since both are measures on Mn,;t-i(^o) = ^n,k-i \ {planes through Xq} invariant 
under rotations around Xq and dilations with base point Xq, which together generate 
a group acting transitively on M„jt-i(^o)- 

Now, using first the induction hypothesis with fc, fc — 1 instead of n, k, we obtain 

dA^(xo) . . . dA„(x;t)d/i„jt(7T) 

= CdA^(xo)det(xi, . . . ,Xi,f-'-''-'^M?ie[x^) . . . dAe(xJd/i;t,fc-i,7t(9)dMn,fc(7T) 



= C det(xi, . . . ,X;t)dAe(xi) . . . dXg(ixiJdfXi^j^_^„[e)dv^j^^^^[7z)dxo by ([7^ 
= C det(xi, . . . ,X;t)dA0(xi) . . . dAe(x;t) dist(xo, ef-"d^^j,_-^[e)dxo by 
= C det(xi, . . .,X;t)''~"dxi . . . dx^^ dist(xo, 7r(xi, . . . ,X;^))''~"dxo by induction 
= C det(xo,Xi, . . . ,x,^)^~"dx^ . . . dx^^dxg. □ 

A similar result for measures on the projective space G„ ^ is easily deduced 
by a change of coordinates. Let Det(coi, . . . , co^) for co^, . . . ,co^. e G„ ^ denote 
det(0,Xi, . . .,x,J whenever x^ e S"~^ n coj. Note that this quantity does not 
depend on the choice of x^, . . . , xj.. 

Lemma 7.6. The following measures on (G„ i)^ are equivalent up to a constant: 



Proof. Using ( 7.4 1 and the measurable coordinates (w, r) e G„ i(xo) X M = G^ 



centered at Xq on R" the assertion of Lemma 7.3 becomes 



dVfc,i(wi)|ri|*=-Mri...dv^_i(Wfc)|r;tl''-Mrfcdv„_;t,xo(":)d^nUo) 
= CdA^(xo) . . . dA^(x^)d/i„_^(7r) 

= C det(xo, . . . , xO'^-'^dA^Cxo) . . . dA„(xO 

= C|ri|'^-"...|r,|''-"Det(a.i,...,a.,)'-" 

■ dv„ i(wi)|rir"Mri . . . dv„_i(w J|rJ""Mr^dA„(xo). 

Eliminating the integration over Xg and rj, . . . rj. yields the claim. □ 

7.2 Estimates by rearrangement 

We consider the multilinear functional 

^n,/c(/o,--- Jn)= / n^n,fc/j(n:)dM„,fc(7l) 

for functions /o, • • • ,/n on K". For a positive function /, 

An.k(f,---,f)=\\^n,kf\CU+r 
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The multihnear nature of A^^j. allows one to apply rearrangement techniques. Note 
that by Lemma [73] we have 

An.k'ifo, ■■■Jn)=j Wl /j(xpdAfc(xpd/X„_^(7l) 

= / /oUo)--.AUO fl ( / //x,)dA,(x^-: 

J Xo,...,Xi,€R" j=k+l y-' ^i'=^(x<i,-,^k) 

■ det(^Xo, . . . ,x,,f-''dxi, . . .dxo 

Let us show that the latter integral does not decrease under the action of the Steiner 
symmetrization on the functions . Note that the formula is invariant under the 
action of 0(n), so that we may choose the coordinates in such a way as to consider 
the symmetrization along the e„ axis. Write Xj = (z^, tj) e K"~^ x R. Disregarding 
a set of measure zero, we may assume that Zq, . . . ,Z(. are in general position, i.e. 
they span a fc-dimensional affine subspace. Henceforth let Zq, . . . ,Z(. be fixed. Using 
the remaining freedom in the choice of coordinates, we may assume that Zq, . . . ,Z;^ 
lie in the coordinate plane R*^ c R"~^. This ensures that the fc-plane ti^Xq, Xj^) 
is not parallel to the basis vector e„. It is now sufficient to show that the integral 

A= I /oUo)---AUfc) n ( /f,(Xj)dAfc(Xj) ) det(xo,...,xJ''-"dt;t■■■dfo• 
g/« }=k+i \J<^«--.^k) j 

does not decrease under Steiner symmetrization. This integral only depends on the 
restriction of /,'s to the k + 1-dimensional subspace V = R*^ x {0} x R c R", and 
the following manipulations are restricted to V. 

In our coordinates, 7i(xo, - . . , x^) is just a graph of a linear function, so that 
integration over it reduces to integration over r'': 

f f det(xo, . . .,X;t) 

J /,(xpdA,(x)= J fjizj, tj-(xo, . . . , X,, Zj)) ^^^^^^^ ^ ^ ^ ^ dzj, 

where tj is a linear function of tg, . . . , t;^ and the last fraction relates the volumes 
in the graph and in R*^. The quantity we are interested in becomes 

r r-i i f f,iz,,t.{xQ,...,x^,z.y) \ 

Pulling out the integration over z^'s, it is sufficient to show that 

/ /oUo)---AUfc) W fj{Zj,tj{xQ,...,x^,Zjy)dt^...dtQ 



}=k+l 



does not decrease under Steiner symmetrization. Since the t^'s are linear in 



to, ... , t(., this is given by Theorem 5.7 



We have proved that A does not decrease under Steiner symmetrization of 
its arguments. A much more useful result would be if it would hold not just for 
one-dimensional, but for n-dimensional radial non-increasing rearrangement of 
the arguments. 
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Proposition 7.7. Let fQ,...,f^ be positive functions. Then 

Aif„...,fj<A<j**,...,f:*)- 

Here, /** denotes the non-increasing radial rearrangement of f in n dimensions. 



Proof. By the monotone convergence theorem and a decomposition similar to ( 5.8 1, 
it is sufficient to consider simple functions. By multilinearity of A the functions 
fj may be assumed to be characteristic functions of sets Ej . Again by monotone 
convergence, the sets may be assumed to be bounded by some R. By Proposition |5.1[ 
there is a sequence of directions such that the successive Steiner symmetrizations 
of Ej converge to their radial rearrangements B(0, r^) in the Hausdorff distance, in 
particular e*"^'"*"' c B(0, + o(l)). Together with the preceding discussion this 
shows that 

A(/0, ...,/„)< . . . ) < A[XBiO,r,+om, ZB(0,r„+o(l))). 

Letting I oo, one sees that the right-hand side of the inequality converges to 

A[f f:n. □ 

The problem is now reduced to finding an estimate for the fc-plane transform 
of a radial non-increasing function. Our result is somewhat stronger then needed 
in that it gives an estimate in terms of a Lorentz space norm. 

Proposition 7.8. Let f be a positive non-increasing radial function on R". Then 

^n./cC/) • • •)/) ^ C||/||(„+i)/jt+l,n+l- 

Proof. For convenience, / is seen both as function on R" and on (0, oo). Using 
radial symmetry of / we can make the following simplifications. 



A,,(f,...,f)- 



;„/(7I,x)r+Mxd7T 



. „/ ( 7T, X ) I ^ dx for an arbitrary tl 



X±7Z 



r=0 



„n-Jc-l 



POO 

/ p'^-i/(Vr2 + p2)dp 

J p=0 

/ f[s)s[s^-r^f/^-'ds 



n+1 



dr 



dr. 



In the last line we have substituted s = ^ r^ -\- p^. If fc > 2, we have the estimate 

(•^2 _ ^2)^/2-1 <5fc-2^ so^hat 



J r=0 Js=r 



dr 



r=0 



by Hardy's inequality ( [1.7p . We now use the relation /*(n„|x|"/n) = /**(x) 
between the linear and the radial non-increasing rearrangement of / . Here the 
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argument of/* is the volume of the ball of radius |x| in R". From the fact that / is 
both radial and non-increasing we infer /*(s) = /(Cs^^"). The change of variable 
r = Cs^''" in the last integral yields 



roo jjj. 

Jr=o r 



C I s 

's=0 



ds 



*"ll-^ll(n+l)/(fc+l),n+l' 



which is the desired estimate. 

In the remaining case fc = 1 the integral reduces to 



/CO /' noo ^ n+i 

r^'-'U |/(s)Ks2-r2)-i/2sdsJ dr 

f J y 



<C I r 

10 



n-2 



1/(5)1 [s^-r'r'^' s^ds 



dr 



f 



n+l 



+ C I r 

10 



n-2 



|/(s)|(s2-r2)-i/25ds 



dr. 



V <(52/4)-l/2 J 

Here the last term may be estimated as before, while the first is dominated by 
C r"-2 |^/(rX2rri/22r^ [s-ry^^^ds^ dr 

roo nco 

= C r"-2 (/(r)r)"+^ dr = C r2"-i/(r)"+Mr, 
Jo Jo 

which again may be estimated as before. 



□ 



Theorem 7.9. Let f bea test function on K". Then, for every 1 <p < (n-l- l)/(fc-|- 1), 

mn,kf\kr<C\\f\\p, 

where q < (n — fc)p', n/p — (n — fc)/r = fc. 

Proof. For q = (n — k)p' we have the endpoint estimate p = (n + l)/(fc + 1) by 



Proposition 7.7 Proposition 7.8 and Corollary 1.20 while the casep = 1 is covered 



by Fubini's theorem as mentioned in ( 7.2 1. The result follows by the interpolation 
Theorem |2^ 

The estimate for q < (n — fc)p' follows by the Holder inequality. □ 
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7.3 Estimates by induction on k 

In order to sharpen the results of the previous section we have to consider another 
integral operator. For a function F defined on j set 

J cocn 

Analogously to what was done for the Radon transform, we will consider the 
multilinear form 

f " 



By Lemma 7.6 we have 



J n€G„j^ j-l \J COCK J 

■ Det(dOi, . . . , wO''""dv„ . . . dv„ iCwfc). 

For F > 0, B^j^{F,...,F) = \\S^ J\\^^, and the next theorem shows that S„;t : 
L"^'''"(G„ i) L"(G„^) is a bounded operator. 

Theorem 7.10. For every 1 < fc < n, we have that 

1. \B,^^[F^,...,FJ\ < CUU \\Fj\\n/k.nfor arbitrary Fj e L"/''-"(G„,i) and 

2. K_,(/o,...,/J| < cn;=oll/;ll^.n+i/o'-a'-fcit™rK/^ eLST-"+i(R"). 

Proof. We use induction on fc. The basis is ([ij fc = 1), which is trivial since S„ is 
the identity operator. The induction steps are ([l] fc) => ([2j fc) => ([l] fc + 1). 

([l] fc) =^ d2jfc) By the symmetry and positivity of A and real interpolation 
(Proposition 1.37 1 it is sufficient to show the stronger estimate 

n 

^„,;c(/o,---Jn)<C||/ollinil/;lln/W- 
for positive functions /(,,...,/„. Since 

An.kif 0, J = / /o(Xo)JC(Xo)dXo 

with 

nx,)= [ /i(xi)...A(x,) fl ( / //x^dA.Cx,) 



■det(xo,...,X;t)'' "dxj ...dxi 



102 



CHAPTER 7. THE K -PLANE TRANSFORM 



and by duality it is sufficient to show \ \K\\^ < C]^"^j ll/jlln/Jc,i- By translation 
invariance we only need to consider Xq = 0. By definition of Det, 

k 

det(0, Xj, . . . , X;t) = Det(wi, . . . , w^) ]~~[ |Xj |, 

j=i 

where coj e G„ ^ is the line passing through x^ . With this notation we also have 

7r(0,Xi,...,x^) = 7i(dL)i,...,wJ. 
Hence the change to radial coordinates, induction hypothesis ([l] fc) and Proposi- 



tion 



1.31 yield 



J^(0) = C f n f /" |t/-"/,(t,a.,)|t/-Mt^') 

f I /;(t;a.,)|t/-Mt,dv,.i(cO^.)') 

■ Det(coi, . . . , co^)'^~"dcL>i . . . dco]^ 

fl ( / [/„/,//t<;,)dv,,i(tOj.) ) 

• Det(a)i, . . . , £D^)'^~"d£0;^ . . . dcL>^. 

n n 



([2j fc) =^ (|Tj fc + 1) By multilinearity of B and compactness of G„ j it is 
sufficient to obtain an estimate in the case that each Fj is supported on a small ball 
in G„ 1 = S"~^/(±id) (this manifold inherits a metric structure from S"~^). The 
size of the balls is chosen as to ensure that the aperture of the dashed cone in 



Figure 7.1 is bounded from above, so that we may apply centrographic projection 
to change to flat coordinates. To see that such a choice of the radii is possible 
observe that every (generic) collection of directions {coj e suppF^ lj^j divides 
S'' = S" n Ti^coi, tOjt+i) into 2^'^^ sectors, at least one of which is contained in 
the positive sector of some coordinate system given by an orthonormal basis, as 
is easily seen by induction. Since such a positive sector is contained in a cone of 
aperture 2arccos(l/v'fc + 1) < n, the sets suppfj may be represented by subsets 
of the sphere contained in a cone with slightly greater aperture. 



The Jacobian of the change of coordinates in Figure 7.1 is bounded. In partic- 
ular, every Lorentz norm of the function fjixj) = F(cOj) is comparable with the 
corresponding norm of F. Furthermore we have 



Det(dOi, . . . , w^+i) < C det(xi, . . . , x^+j). 
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Figure 7.1: Coordinates for the induction step ([2j fc) =^ ([T] fc + 1) 



Since coj c 7z[coi, oj^+i) if ^^'^ '^^^Y if -^j ^ ^(^i> • • • >^jc+i) we conclude that 



det(xi,...,X;t+i)''"^^ "dxi . . . dx;,+i 

'^n-l.JcCflJ ■ • • j/n) 



< 



/[k+l),n 



J = l 



^nil^;lln/[.«),.- 



□ 



7.4 Estimates using the Hardy space 

Once again we will use the Plancherel theorem to obtain an end-point estimate. At 
the other end-point we will however use a genuine Hardy space estimate instead 
of the usual estimate provided by Fubini's theorem. 



Theorem 7.11 ( QStrSiP ). Let Kp < 2. Then 

where the Riesz potential acts on for every n&G^j^. 
Proof. Consider the family of operators 

TJ ={I'^h-'£^n,kf' 

defined on the space of Schwartz functions / with mean zero (which is dense in 
H^nLP). 

The function T^f is holomorphic with values in L°°{G^ ^, L^(K"~*^)) for every /, 
because 3^{TJ){n, E,) = /)(„: ^) and ^[Sl^^JXn, •) is bounded in 

5^(R"~'^) uniformly in n. By Theorem [2.20 the family T^ is locally analytic. Note 
also that 



with continuous inclusion. 
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suppa 



supp Ta 




Figure 7.2: Restriction of the fc-plane transform to a fiber of M„jt applied to an 
atom 



At the end point SUz = 1 we have by the Plancherel theorem and by the 
uniqueness of the rotation-invariant probability measure on S"~^ that 



KP''''r'^n.kf\\2:2=\ [ I ia^''^'r'^„.J(^,y)l'dyd7r 



1/2 



I?h^/(?)l'd?d7r ' 



1/2 

r"-i / \3^f(,ru)fdadr 



1/2 



lr=0 JS"-i 
= C||Jf/||2 
= C||/||2. 

At the other end point, 3lz = 0, we are going to obtain a Hardy space estimate. 
Let a be an H^ atom on K" supported without loss of generality in B(0,R) and 
bounded by CR~". For every tz e G„^, Ta := ^„ ;ja(7i, •) has support in B[0,R) and 

|ra| < sup|a| supA < CR'^CR'' = CR"'^""''^ a.e. 



by Fubini's theorem, see Figure 7.2 Thus Ta is a bounded multiple of an atom. 
Furthermore, if {Xj} is a summable sequence, then XjTa^ ■^j^j) in 

by Fubini's theorem. Since the bound on Ta is uniform in n, we have that 

is a bounded operator. Now let a be an atom of H^(K'"), once again without 
loss of generality supported on B(0,R). We will show that the Riesz potential 
(-j0fc/2-)-iQ _ Yias bounded norm. Write for simplicity -zfc/2 = iy, 7 e R 

and split the norm as 

/ |/'i'a(x)|dx = [ |/'''a(x)|dx+ [ |/'^a(x)|dx. 

JtS."' J\x\<2R J\x\>2R 
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The first integral may be estimated using the Holder inequality and fact that I'^ is 
a contraction on in the following way 

J\x\<2R 

The estimate for the second integral requires the cancellation property of the atom 
a. If Ixl > 2R, we have 



r(n/2-ir/2) 



a(x-y)|y|-"+'My 



< 



mr/2) 

I a(x-y)(|y|-"+"'-|x|-"+"')dy 
Crf |a(x-y)|R sup I V|/|-"+"'| dy 

Jb(x,R) y'€B(x,R) 



y'€B[x,R) 
-n+iy I 



= C^R||a||i sup V|y| 

< C^R|x|-"-i. 
Inserting this estimate into the integral, we obtain 

|/'i'a(x)|dx < C^R 



|x|>2R 



-n-1 



dx = a 



|x|>2R 



where has admissible growth in y. Since /''' is bounded on atoms and is a 
continuous operator on L^, Theorem 6.18 implies that it is continuous on H^. 
Summarizing, we have shown that 

\KP'''r'3^n,kf\\oo;i<Cr\\f\y (3lz = 0), 

\KP^'^r'^n.kf\\2:2^C\\f\\2 (DIZ=1). 



The interpolation theorem [2 . 24| together with proposition 6.37 and corollary 2.27 
concludes the proof □ 



To extract an bound for , 



the form 



'■n,k 



from this result we now need an estimate of 



l|/'^''>ll,;.<l|f|lp';p 

for functions F on M„ j.. We will use a special property of F = [I'^^p )~^^n,kf ^ 
namely 

^F[n, ^) = ^F{e, E,), whenever ti 1 ^, 1 ^, (7.12) 

which is clear since both sides equal \S,\~'^J^f{E,). We will consider a dense subset 
of smooth functions in [L^). 

Proposition 7.13. Let F e C°°(M„ j.) have rapid decay in E, uniformly in n, satisfy 
(7.12), and be such that ^F{n, ^) = 0/or all E, ina neighborhood ofO and all n. Let 
also Y <n — k. Then 



PF{7i,y) = C 
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Here 0i and w*" are taken with respect to the complementary subspace of a, we use 
the measurable coordinates [co, t) e G^_j^ ^xR = G„_^ xRon a-^ and identify 
each CO with a point in S"~^ n co. 

Proof. The conditions on j and F imply ^I'^F = | • !^F when it is needed in the 
following computation. 

rF{Ti,y) 

= [ e'(^-«>^/''f(0,OdA„_,(O 

= C [ [ e'<^'^")|t|-''J?F(0,tw)|tr-'^-Mtdv„_fc_i(w) 

= C [ [ e'{y-'")\tr''-'-r [ JfF(a,t6;)dv„_i_,(a)dtdv„_,,i(6;) 

J Cain J teR J aLix> 

= C f f [ e'iy-"-)\tr''-'-r^F[a,tco)dtdv,_,^^[a)dv,_,^,[co) 

J coin J alco J teR 

= C f f f e'(^-^">^/''+i-t"-'=^f(a,t6j)dtdv„_i,,(a)dv„_,,i(6j) 

= C [ /f^+i-^"-*=%„_fc,„_;t-i-F(«, {y, '<^))dv„_i,fc(a)dv„_,,i(w). □ 

Now we estimate the operators this one is composed of. 
Proposition 7.14. Let 1 < p < 2, f e Lp'(LP)(M„^X n-l <kp <n and 

J a±co 

Then \\h\\p,.Q < C\\F\\p,.p, where Q"! = n/p - k. 
Proof. By Theorem |7.11 we have 

\\(.I^"-'-'^^'''r'3^n-Kn-k-ina,-)\\p';p < C||F(a,Ollp. 

By the weak-type Young inequality ['^/p'+^-^n-k)Hn-k-lW ^ jk-^n-Dip . ip ^ iQ 
with 1 + = p~^ — (fc — (n — l)/p — 1) since the condition on kp implies 
< Q-i < 1 and < -(fc - (n - l)/p - 1) < 1. Hence 

\\Fa\\p';Q<C\\F(,a,-)\\p, F„(0 = /'^'''+'-^"-'^i^„-M-^-i^(«.0. 
By convexity of the norm, 

p'/Q 



Ip'.Q 



\ i/p' 
J 



< 



i/p' 



-[I L± (/ l^«f'^^'f)l'^'if)'^'^dy„_i_,(a)dy„_i(a;) 



Up' 
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= C 



/ / f /|F„(6;^,t)|Qdty^'^dv„_i,i(6;)dv„,,(a) 

J a J ojJ-a \J J 



i/p' 



C / ||Fj|P,^Qdv„,,(a) 



i/p' 



= C||f||p-.p. 



i/p' 



□ 



Proposition 7.15. LetX be a Banach space, h& L'^ {n & G„j^,L''(<d e G„_^ ^ 
where n/p — [n — k)/r = k and q < (n — fc)p' and define 

Then\\Uh%.^<C\\h\\^,.,.^. 

Proof. Let (f) & (G„ i) be a test function. Then 



{\\Uh\\^,<t>)= [ 4>[C0) [ h(7I,w)dv„_i_fc(7l) 



dv„i(£o) 



< 



C / / (j)[oj)\\h[7i,co)\\xdv^_^i[co)dv^,^[n) 

J n J coJ.n 



<C I [ I |0(6;)rdv„_,^i(6;) 

' 71 \ J CO ±71 



l/r' 



The term in the former pair of parentheses equals 



The assumptions on the exponents. Theorem [7.10 and Q imply that S„ : 
= ^'''''\Gn.^) - L\G,^,_^) ^ l\G,^n-k) = l^KGn,k) '^^ bouuded, so 

that 



{\m\\x,4>)<C f{s,,n-MY\^^)f'''' [ f\\Kn,coWxdv,-Ki^co) ] dv„.,(7r) 

J 71 \J Cl>±TZ 

<cii(s„.„_,i<^ry^'"'i 



<C||<^||p.|W|,.,^. 

Proposition 7.16. Let h e L^''(G„ j, L'^CR)) and define 



□ 



Th[n,y)= / h(do, (dL>,y))dv„_^_i(dL)). 



Under the same assumptions on the exponents as in Propositions 7.14 and 7.15^ 
have \\Th\\^., < C||h||p,.Q. 



we 



108 



CHAPTER 7. THE K -PLANE TRANSFORM 



Proof. Let g e L"*' (!'■') and calculate 

{Th,g)= / g{n,y) j (co,y))dv„_fc i(w)dA„_^(y)dv„ ^^(tt) 

J n J y^-7i J 0)1:71 

= C / /g(7r,y)h(£0, t)dA„_;,(y)dtdv„_i ;t(7i:)dv„_i(w). 

J oj J nloj J t€R J yl'n,ly,oj)=t 



It is sufficient to give a bound for 



J n±co J y±7r,^y,CL))=t 

Since p > (n — l)/fc > n/(fc + 1) im plies r' < (n — fc — l)/(n — fc) we have 
Mn-k,n-k-i ■ L'' U{L^') by Theorem 4.1l[ while U : L'i{U{L'^y) LP{L'^) by 
Proposition [7^15] The assertion follows by duality. □ 



Applying in order the preceding propositions we obtain that 

\Wn,kf\\ci;r<C\\f\\p, 

under the assumptions, in order of appearance, 

fc n n — k 

1 <p <2, — <n-k, n - 1 < kp < n, = fc, q < (n - fc)p . 

P P r 

The first two are implied by the third if fc > n/2. On the other hand, if fc < n/2, 
then (n + l)/(fc + 1) > 2 and the assertion is contained in the results of previous 
sections. 



7.5 The complex fc-plane transform 

We will now take a brief look at the analogue of given by integration over 
fc-dimensional complex affine subspaces of C". We denote this map by S^n.k,^ 
continue using the notation G„ M„ ^tc, but all subspaces are now assumed to 
be complex. The volume function det will be substituted by 

det(0, x^,...,x^ = det(0, x^,...,x^,ix^,..., ix^). 

It extends to non-zero values of the first argument by translation invariance. Note 
that Xi, ...,Xj^ are C-linearly independent if and only if x^, x^, ixj, . . . , ixj. are 



R-linearly independent. With this notation the following analogue of Lemma 7.3 
holds. 

Lemma 7.17. The following measures on (C")''"''^ are equivalent up to a constant: 
dA^(xo) . . . dA^(x^)dM„_^(7r) = C det(xo, . . . , x^f'^dX^ixo) . . . dA„(x;,). 

Here, denotes the 2k- dimensional Lebesgue measure on the complex affine hyper- 
plane n. 
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Proof. Proceed as in the proof of Lemma 7.3 The induction basis fc = 1 holds since 
the equivalence class of a pair (xo,Xi) under complex affine transformations is still 
uniquely determined by |xo — x^l^ = detc(xo,Xi), because the unitary group acts 
transitively on the unit sphere in C". 

In the induction step (|7.5[) is replaced by 



dist(xo, 0)'«'^-i^-'^MM,,,_i,,(0)dv„_,,,„(7i) = Cdist(xo, 

(7.18) 

because of the change in homogeneity. 
The important observation is now 

det(xo . . . , Xfc_i) dist(x;t> ^Uo> ■■■,Xk-i)f = C det(xo, . . . , x^^-i, ^fc)- 

c c 

It holds since, assuming by translation invariance Xq = 0, 

dist(x^, 7r(xo, • . . , x^.j)) = distCix^, n;(xo, . . . , x^.J) 

= dist(iX;t. ^Uo, ■ ■ • , Jffc-i) + Kjffc), 

because ti^Xq, Xf._i) is a complex subspace and xj. ± ixj.. The inductive argu- 
ment applies without further changes. □ 



The proof of Proposition [7^ remains the same in the complex setting. Further- 
more we have the following substitute for Proposition [Tjsj 

Proposition 7.19. Let f be a positive non-increasing radial function on C". Then 

ll^/i,ic,c/IL+l;n+l ^ C 11/11 

Proof. By arguments analogous to those in real setting we have 



\WnM.cf\\nX\n+l = ^ ^""1/ f ^s)s{s^ - r^f'' ds 

Jr=0 Js=r 



n+1 

dr 



s=r 

< C / r2kn+2nj:f^^y,+l 

Jr=o r 

since the real dimension of a proper complex affine subspace is always > 2. In the 
complex case the linear and the radial non-increasing rearrangements are related 
by 

/*(n2„|x|272n)=/**(x), 
so that/*(s) = /(Csi/P"^). The change of variable r = Cs^^'^^n) now yields 



Js=0 



n+1 



ds 



5=0 ^ S 

~ *^ 11/11 "n'+l)/(fc+l),n+r ^ 

The same estimate is true for arbitrary /. Note that in the real case the 
Theorem |7.10| and real interpolation provide the sharper estimate 

\\^2n,2kf\\2n+2;n+l ^ C" 1 1/ 1 1 (n+l)/(/t+l),n+l • 

This is consistent with the fact that the complex Grassmannian G'^^. is a submanifold 
of the real Grassmarmian Gf^ ^k- 
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Convolution kernels supported on 
submanifolds 



In section 4.6 we have seen that the Radon transform in odd dimension is equivalent 
to the convolution with the Lebesgue measure on a hyperplane in the Heisenberg 
group. Here we present a related continuity result which applies to more general 
Lie groups, submanifolds and measures supported thereon. 

The submanifold in question must satisfy a curvature condition. We restrict our 



attention to a variant of it from [ RS88 1 . For the most general results obtained by 
similar methods see CNSW99[ | . 

Note that the convolution kernels treated in this chapter are compactly sup- 
ported, so that the theory is not directly applicable to the Radon transform. 

8.1 Sobolev spaces 

For fc e N and 1 < p < oo the Sobolev space w'^'P(R") is defined as the space of all 
distributions g such that 



For the sake of completeness we recall some important facts from the theory of 
Sobolev spaces. First of all, C^°°(R") is dense in w'''P(R") for every fc e N and every 
1 < p < 00. Furthermore, w'^-^ may be thought of as a closed subspace of [L^)'^'^^ 
by considering the function and its derivatives separately. Therefore the Lebesgue 
convergence theorems apply (under the assumption of domination or monotonicity 
on each derivative) . 



We will need a special case of the Sobolev embedding theorem [ AF03 Theorem 



4.12] . The proof given here is taken from lecture notes by T. Tao [ Tao99 1 . We begin 



by showing the Loomis-Whitney inequality. While it admits a striking generalization. 



see e.g. (BCCT08|, we content ourselves with the classical formulation. 



Proposition 8.1 (Loomis-Whitney). Let n > 2 and /j, ...,/„ e L""i(R""^). Then 

j=l j=l 
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Here Xj ^ = (xi,...,Xj,...,x„) denotes the omission of the j-th coordinate. 

Proof. The case n = 2 is just the Fubini theorem. We proceed by induction on n. 
Two appUcations of the Holder inequaUty followed by the induction hypothesis 
show that 

p n+1 



< IIA+llln 



1 n-1 
11—1 n 



n N — 

/ ( /ni/;(<...,n+i)|dxn+i) dxi_„ 

yjR- yjR)j J J 

II— 

< iiA+iiin ^„ri ^^'■■■") 

< ll/n+lllnll / _ / l//<...,n+l)l"dx„+i dx^. 
= f\\\fj\\n- □ 

Next lemma comes in handy in density arguments. 

Lemma 8.2. Let Y be a locally convex space, X a Banach space and l : Y —> X a 
continuous injection with dense image. Then the image of the closed unit ball Bx' 
under the adjoint map i' is a*-closed in Y'. 

Proof. Let c Bx' be such that t'(0„) ip in the cr(y', 7)-topology on Y'. 
This just means that '^'(y) for every y e Y. Therefore 

my)\ < limsup||<^„||x.|k(y)||x < My)\\x, 

n 

SO that 1^, viewed as a linear form on i{Y), admits a continuous extension with 
norm less or equal 1. □ 

Theorem 8.3. Let 1 < q < Then W^'H^R") ^ L^ClR") with continuous embed- 
ding. 

Proof. By interpolation it is sufficient to consider q = Let / e C^(]R"). By the 
fundamental theorem of calculus we obtain the estimate 

l/K...,„)l< / |V/(xi_„)|dXj.=://xi J. 

Jr ' ' 
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By definition of fj and from the Loomis-Whitney inequality (Proposition 8.1 1 we 
infer that 



/ l/Ul.....n)RdXi,...,„< / n//x( „)^dXi_„ 



mwr 



Let now / e W^'^ be arbitrary. There exists a sequence (/„) c such that 
fn^ f in W^'^. Since the inclusion ^ ^ (W^'^)' is continuous, we also 
have the convergence in the sense of distributions. By Lemma 8.2 with X = L'^ and 
Y = C°°, the unit ball of is closed as a subset of the space of distributions, so 



that by the above / e and we have a bound on 



in terms of 



□ 



8.2 Transport of measure 

The image of a measure given by a differentiable density under a measurable 
map need not, in general, be regular in any sense. However we do obtain some 
regularity by imposing additional constraints on the map. 

Proposition 8.4. Let D c R"" be an open set with compact closure, n < m and 
$ : D ^ R" be a smooth map whose differential has full rank at every point of D. 
Then there exists a constant C (which depends polynomially on supjj such that, 

for every i/) e C^[D), the measure $^(^dA^) is absolutely continuous with respect to 
the usual Lebesgue measure, and its density p satisfies 

\\p\\w^.w<cMy f j-\ 

Jd 

where = Xjc-^fc "^""^ ■^k minors of d^ of order m. 

Proof. The absolute continuity and the bound llpll^i < C'||'i/>||co are clear locally 
and therefore globally by the monotone convergence theorem. 

Let = {$ = x} denote the level sets of Since $ is a submersion and by 
the implicit function theorem, each is a (smooth) submanifold of D. Let iVL^. 
denote the normal vector bundle to and ix^ the Riemannian volume on with 
respect to the Euclidean scalar product. Then 

p(x) = ^ ^{y) (det d$Ui^ (y))"' d/^^Cy). 

Fix 1< i <n and define a vector field on D by 

X{y):= A^-\^Jr 

By Cramer's rule this vector field is smooth and bounded. Denote the flow generated 
byX by ^'j. Then, for a fixed x, : ^ ^x+tej is bijective for small t, where L^i 
are some manifolds such that L^/ n suppt/j c L^> c L^/. Assume for the moment 
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that every L^. can be covered by one chart and let {v^, . . . , v^_„} c FTL^ be a frame 
of tangent vector fields. For small t the density of the transported measure satisfies 



pix + tej)= [ i/'(*t(y))rdetd$U^^^J*,(y))) ' 



Vdet((d*,v;,(y),d*,v,(y)))^;wi A • • • A w™"", 

where the differential forms are dual to Vj and vanish on JVI^. We compute the 
derivative of the square root first. Let Mj^i = (v^tCj)) ^'iCj)) • 



t=o 



^ Vdet((d*tVfc(j),d1'tV;(y)))w 

= ((v.(yXv,(y)))rfc' (d*,v,(y),d*,v,(y))|^^„ 

= ^^/^E^rfc' (((V^)lrL,(,//c(y),V/(y)) + (vfc(y),(VX)|ri^^^^v,(y))) 

= 1^-^^{m-' [m)\TL,,^M+Mm)\TL,,^,)) 

= Vdet((vfc(y),v,(y)))ytr((VX)|ri^^^p 

The remaining terms are compositions of functions with 'I't, so that their derivatives 
are given byX applied to the respective functions. Altogether, the differentiation 
gives 



djpM = [ \{Xxi,Xy) (det d*Ui, (y)) ^/ det {{vMviiy))) u 
+ xPiy)X ((det d$UiJ"') (y)Vdet ((v^Cy), v,(y)))^, 
+ V(y) (detd$Ui^ (y))"' Vdet ( ( Vfc(y ), V, (y )) ) tr( VX | j] 



A ■ ■ ■ A w'"-". 



or, more succinctly, 

djpix) = [ F(y) (det d*Ui, (y)) d/X;.(y), 

where 

F=Xip + ^ (det d$Ui J X ((det d4>Ui J + V' tr( VXl^^J. 
From the form of F we see that 

|F| < P(d*)|| Va/)| I |det d*U,J"' + Q(d*)|a/^| |det d*UiJ"' 
for some polynomials P and Q. Hence 



|5jpwi< / \F\<c\mc, I j-\ 

Jd Jd 
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where C is polynomial in sup^ ||d$|| (for any operator norm). The general case 
follows from the fact that supp ip can be covered by countably many charts which 
locally trivialize the leaves and the vector fields X = Xj. □ 

Proposition 8.5. Let B c K"" be the open unit ball, n < m and $ : B ^ R" be an 
analytic map whose differential has full rank almost everywhere. Then there exists 
a < 6 < 1 such that, for every (f) e C^{D), the measure $^((/)dA^) is absolutely 
continuous with respect to the usual Lebesgue measure, and its density p lies in the 
real interpolation space [L^ ,W^-^]q ,^. 



We remark that, with the notation from [BS88|, the space [L^, W^-^Jg is 
the Besov space Bg ^. However we are only interested in the existence of an 
embedding 



5 



for some 5 > 1. This is an immediate consequence of the Sobolev embedding 
theorem [831 and the Marcinkiewicz interpolation theorem [TTT] 



Proof of Proposition 8.5 The idea of the proof is to use the JC-method and to de- 
compose p by the absolute value of = ^i^J^, where J^. are the minors of d$ of 
order m. 

Since $ is analytic, the zeroes of have finite order By the Weierstrafi 
preparation theorem, |{|J^| < a}\ = 0[a^^'^) as a ^ locally near every zero of 
for some fc e N. By compactness of B, we even have that |{|J^| < a}\ = 0[a^^'^) 
as a ^ on all of B for some fc e N. The same argument shows that dist({|J^| < 
a], {\J^\ > 2a}) > Ca as a ^0. 

Let ip^-.B ^ [0, 1] be a smooth function which is 1 if |J^| > 2a, if |J^| < a 
and such that Hi/Jallci < Ca~^. Consider the decomposition 

^,{4>AXJ = $,((1 - i/- J0dA,J + $,(i/i,</.dA,J. 

By the above, the L ^-no rm of former summand is Odl^Hooa^^*^). On the other 



hand, by Proposition |8 .41 the W^'^-norm of the latter summand is 0(||^||cia so 
that 

K{p,t;L^,W'^'^)<Ca^l'' + Cta-'^. 
Taking a = t''^'-^'^^'^^ we obtain 

i^(p,t;L\wi-i)<Cti/(2fc+i). 

Therefore p e [L^, W^"^] i/{2)c+i),oo by definition of the JC-method. □ 
8.3 improvement 



Now we deduce an L'' -improvement result [RS89 Theorem 1.1] for a convolution 
operator whose kernel is a differentiable measure supported on a curved submani- 
fold. The idea is to use the curvature condition to convolve multiple copies of the 
measure into an absolutely continuous measure and to deduce some regularity for 



it from Proposition 8.5 



Let G be a connected, simply connected Lie group and W c G be a connected 
analytic submanifold. Assume also that generates G in the sense that 

is not contained in a proper closed subgroup of G. An example of such a submani- 
fold is the hyperplane {t = 0} in the Heisenberg group. By [RS88i Proposition 1.1], 
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there exists a k such that the map n : (WW —> G, (w^, ...,wj.) w^. 

has full rank on a dense subset of (WW~^)'^. 

Theorem 8.6. Let G and W be as above with the additional assumption that G is 
unimodular, (p be a positive C^ function with compact support on W and a be a 
smooth volume measure on W. Then there exists a p <2 such that 

\\fH4>d(T)\\2<c\\f\\p 

for every smooth function f with compact support, where the norms are taken with 
respect to the Haar measure v on G. 

Proof. By compactness of supp/ we may assume that (W,xp) is a coordinate 
neighborhood, where ip : B ^ W is some analytic map and that (WW~^)^ is 
contained in a coordinate neighborhood (Bg,exp) of the identity given by the 
exponential map, where Z is a natural number such that 2' > fc and is a ball in 
the Lie algebra g of G. 

For a measure on G let denote the operator T^/ = f * ^, i.e. 



Jg 



Then 



{T^f,g)=J j f{xy-^)dii{yrg{x)dv{x) = j j f{xrg{xy)dv{x)Api{y) 

= / /W / g(xy)d/i(y)dv(x) = j /(x)r^.g(x)dv(x) = (/,r^.g), 

where = |Lt(£~^) = t*|U(£) (t denotes the inversion i(x) = x~^). Observe that 
T^'fM = //(xi/.(a))d(i/.;iL;V*Xa)= I f{x^{aM{^,-^ix\a) 

JB JB 

and, analogously, 

JB 

Therefore is the convolution operator with the measure 

(/i*M*)*^' = exp,$,(i/);V)''^'^\ 

where 4> is the map 

$(xi, . . . ,X2/+i) = exp"H''/'(xi)i/)(x2)"VU3) ■ • • ■^fe+O"^)- 

Since ct is a smooth volume measure and \p is analytic, ^p'^ii is continuous with 
respect to the Lebesgue measure and its density is once continuously differentiable. 
We already know that $ is a submersion on a dense set. It cannot fail to be a 
submersion on a set of positive measure, since then it would not be a submersion 
anywhere by the Lebesgue density theorem, the Weierstrass preparation theorem 



and analyticity. Therefore $ satisfies the hypothesis of Proposition 8.5 By that 
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Proposition, is in for some 5 > 1 with respect to the Lebesgue 

measure. Since the Haar measure v is a volume measure as well, its restriction to 
exp(Bg) is equivalent to the Lebesgue measure on B under exp up to some function 
which is bounded from above and below. Therefore (/x * /i*)*^' e as well. This 
implies that 

is continuous for some p <2. We perform a descending induction on I in order to 
show that the same is also true for Z = 0. Indeed, assume that 7;+^ = : LP 
is continuous. Since T; is self-adjoint, we obtain that it is continuous as an operator 
from LP to L^. Indeed, 



\\Tif\\l = {T^Tifj) <\\Ti^,\\,,^,A\f\\l- 

Still by s elf-adi ointness, T; is also continuous from to . By the Interpolation 
Theorem 2.24 it follows that it is continuous from L'^ to L'^ , where q is given by 



2/q = l/p + l/2. 



Since T*T,. :LP^LP,we have in fact that T,, : LP ^ L\ □ 



Zusammenfassung 



Wir behandeln die abstrakte Formulierung und einige Anwendungen der Interpola- 
tionstheorie. 

Dabei geht es um Methoden einen Raum "zwischen" zwei gegebenen Banach- 
raumen zu definieren. Die Methoden sollten die Interpolationseigenschaft besitzen: 
stetige Operatoren, die auf den urspriinglichen Raumen auf eine vertragliche Weise 
definiert sind, sollten stetige Operatoren auf Interpolationsraumen induzieren. Dies 
ist mit der Hoffnung verbunden dass sich die Operatoren auf den urspriinglichen 
Raumen leichter untersuchen lassen. 

Diese Theorie wird angewendet um Integraloperatoren der Form Tf(y) = 
J^K[y,x)f[x) auf L^'-Stetigkeit zu untersuchen. Hier ist M eine Mannigfaltig- 
keit und der Trager der Distribution K[y,-) eine Untermannigfaltigkeit positiver 
Kodimension ist, beispielsweise eine affine Gerade in K", n>2. 

Wir fassen die wichtigsten Eigenschaften der reellen JC-Methode von Peetre 
zusammen und behandeln die komplexe Methode von Calderon samt dem komplex- 
analytischen Unterbau. Wir beweisen eine Version des Interpolationssatzes von 
Stein fiir nicht iiberall definierte Operatoren und zeigen dass diese bei der Untersu- 
chungvon [LP<'(R"),LP^(M.")]g angewendet werden kann. 

Danach gehen wir auf Riesz-Transformationen ein. Diese analytische Familie 
von Operatoren verallgemeinert die Ableitungsoperatoren. 

Im vierten Kapitel wird die Wirkung der klassischen Radontransformation auf 
Schwartzfunktionen untersucht und die L''-Stetigkeit charakterisiert. Wir iiberprii- 
fen dabei die technischen Annahmen der Originalarbeiten. 

Wir untersuchen dann, in welchem Sinne man eine messbare Menge T c K" in 
einen Ball umordnen kann und beweisen die Brunn-Minkowski-Ungleichung sowie 
eine Umordnungsungleichung von Brascamp, Lieb und Luttinger. 

Kapitel[6]ist dem Hardyraum gewidmet. Dieser dient bei der Interpolation 
haufig als Ersatz fiir L^. Wir konstruieren die scharfste Version der atomaren 
Zerlegung in und erlautern den Zusammenhang mit der Stetigkeit der auf 
definierten Operatoren. Den klassischen Beweis der Dualitat = VMO' geben 
wir in vereinfachter Form wieder. Unser wichtigstes Ergebnis ist die Moglichkeit, 
zwischen H^(R") und L''(R") mittels Schwartzfunktionen zu interpolieren. 

Der siebte Abschnitt enthalt einige Anwendungen der Interpolation und der 
Umordnungsungleichungen auf die fc-Ebenentransformation. 

Schlieftlich betrachten wir Faltungsoperatoren iiber Liegruppen, die Trager 
deren Kerne Untermannigfaltigkeiten sind. Das zentrale Mafitransportlemma wird 
in der Sprache der Interpolationstheorie bewiesen. 
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